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DIMENSIONAL HOMOTOPY T-STRUCTURES IN MOTIVIC HOMOTOPY
THEORY
MIKHAIL BONDARKO AND FRE´DE´RIC DE´GLISE
Abstract. The aim of this work is to construct certain homotopy t-structures on various cat-
egories of motivic homotopy theory, extending works of Voevodsky, Morel, De´glise and Ayoub.
We prove these t-structures possess many good properties, some analogous to those of the
perverse t-structure of Beilinson, Bernstein and Deligne. We compute the homology of certain
motives, notably in the case of relative curves. We also show that the hearts of these t-structures
provide convenient extensions of the theory of homotopy invariant sheaves with transfers, ex-
tending some of the main results of Voevodsky. These t-structures are closely related to Gersten
weight structures as defined by Bondarko.
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Introduction
Background. The theory of motivic complexes over a perfect field k, invented by Voevodsky after
a conjectural description of Beilinson, is based on the notion of homotopy invariant sheaves with
transfers. These sheaves have many good properties: they form an abelian category HI(k) with
a tensor product, their (Nisnevich) cohomology over smooth k-schemes is homotopy invariant,
and they admit Gersten resolutions. An upshot of the construction of the category of motivic
complexes DMeff− (k) is the existence of a canonical t-structure whose heart is exactly HI(k). It
was called the homotopy t-structure by Voevodsky in [VSF00, chap. 5]. Though this t-structure
is not the motivic t-structure, its role is fundamental in the theory of Voevodsky. For example,
the main conjectures of the theory have a clean and simple formulation in terms of the homotopy
t-structure.1
Many works have emerged around the homotopy t-structure. The Gersten resolution for homo-
topy invariant sheaves with transfers has been promoted into an equivalence of categories between
HI(k) and a full subcategory of the category of Rost’s cycle modules ([Ros96]) by the second-
named author in [De´g11]. At this occasion, it was realized that to extend this equivalence to the
whole category of Rost’s cycle modules, one needed an extension of HI(k) to a non effective cate-
gory (with respect to the Gm-twist), in the spirit of stable homotopy. This new abelian category
was interpreted as the heart of the category now well known as DM(k), the category of stable
motivic complexes.
In the meantime, Morel has extended the construction of the homotopy t-structure to the
context of the stable homotopy category SH(k) of schemes over a field k (non necessarily perfect),
and its effective analogue, the S1-stable category SHS
1
(k) in [Mor05]. In this topological setting,
the t-structure appeared as an incarnation of the Postnikov tower and the heart of the homotopy
t-structure as the natural category in which stable (resp. S1-stable) homotopy groups take their
value. It was later understood that the difference between the heart of SH(k) and DM(k) was
completely encoded in the action of the (algebraic) Hopf map (a conjecture of Morel proved in
[De´g13]). Moreover the computations of the stable homotopy groups that we presently know use
the language of the homotopy t-structure in an essential way.
The final foundational step up to now was taken by Ayoub who extended the definition of
Voevodsky and Morel to the relative setting in his Ph. D. thesis [Ayo07], in his abstract framework
of stable homotopy functors. Under certain assumptions, he builds a t-structure over a scheme S
with the critical property that it is “compatible with gluing”: given any closed subscheme Z of
X with complement U , the t-structure over S is uniquely determined by its restrictions over Z
and U (cf. [Ayo07, 2.2.79]). This is an analogous property to that of the perverse t-structure on
complexes of e´tale sheaves underlined in the fundamental work [BBD82] of Beilinson, Bernstein
and Deligne. Besides, when S is the spectrum of a field, Ayoub establishes that his t-structure
agrees with that of Morel (cf. [Ayo07, 2.2.94]). After the work that was done on the foundations
of motivic complexes in the relative context in [CD12, CD15], this agreement immediately extends
to the definition of Voevodsky. However, the assumptions required by Ayoub in this pioneering
work are quite restrictive. They apply to the stable homotopy category only in characteristic 0
(integrally or with rational coefficients, cf. [Ayo07, 2.1.166, 2.1.168]), and, after the results of
[CD12, CD15], to the triangulated category of mixed motives, integrally in characteristic 0, and
rationally over a field or a valuation ring (cf. [Ayo07, 2.1.171, 2.1.172]). Lastly, he does not prove
his t-structure is non-degenerate.
1Here are some classical examples:
• The Beilinson-Lichtenbaum conjecture (now a theorem): for any prime l ∈ k×, the motivic complex
Z/lZ(n) is isomorphic to τ≤nRpi∗(µ
⊗,n
l
) where τ≤n is the truncation functor, with cohomological con-
vention, for the homotopy t-structure and pi∗ the forgetful functor from e´tale to Nisnevich sheaves.
• The Beilinson-Soule´ conjecture: for any integer n > 0, the motivic complex Z(n) is concentrated in
cohomological degrees [1, n] for the homotopy t-structure.
• A weak form of Parshin conjecture: for any integer n > 0, the motivic complex Q(n) over a finite field is
concentrated in cohomological degree n for the homotopy t-structure.
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Our main construction in the stable case. The purpose of this text is to provide a new ap-
proach on the problem of extending the homotopy t-structure of Voevodsky and that of Morel over
a base scheme S, assumed to be noetherian, excellent and finite dimensional. In this introduction,
we will describe our constructions by fixing triangulated categories T (S) for suitable schemes S
assuming they are equipped with Grothendieck’s six operations.2
Our first technical tool, as in the work of Ayoub, is the possibility of defining a t-structure
on a compactly generated3 triangulated category by fixing a family of compact objects, called
generators and set them as being homologically non-t-negative.4 Then the class of t-negative
objects are uniquely determined by the orthogonality property and the existence of truncation
functors follows formally (see again Section 1.2 for details). Our approach differs from that of
Ayoub in the choice of generators.
The guiding idea is that, as in the case of motivic complexes, motives of smooth S-schemes
should be homologically non-t-negative. However, these generators are not enough to ensure the
compatibility with gluing. In particular, we should be able to use non smooth S-schemes, in
particular closed subschemes of S. We deal with this problem with two tools: the exceptional
direct image functor f! along with a choice of a dimension function
5 on the scheme S which will
add a correcting shift in our generators, related to the dimension of the fibers of f . A dimension
function on S is a map δ : S → Z such that δ(x) = δ(y) + 1 if y is a codimensional one point of
the closure of x in S. When S is of finite type over a filed k, the canonical example is the Krull
dimension:
(Intro.a) δk(x) = dim
(
{x}
)
= degtr(κ(x)/k)
where κ(x) is the residue field of x in S. For any S-scheme X of finite type, the dimension
function δ induces a canonical dimension function on X , and we denote by δ(X) the maximum of
this induced function on X . The last fact of which the reader must be aware is that Voevodsky’s
homotopy t-structure in the stable case is stable under Gm-twists: the functor K 7→ K(1)[1] is
t-exact for Voevodsky’s homotopy t-structure (beware that this is false in the effective setting).
Putting all these ideas together, we define the δ-homotopy t-structure over S by taking the
following generators for homologically positive objects:
(Intro.b) f!(1X)(n)[δ(X) + n], f separated of finite type, n any integer.
With this definition, it is clear that the endofunctor K 7→ K(1)[1] of T (S) becomes t-exact.
This already shows that our t-structure covers a phenomenon which is special to motives: on
triangulated categories such as Db(Se´t,Z/lZ), l invertible on S, it is not reasonable because if
S contains a primitive l-th root of unity, we get an isomorphism Z/lZ(1) ≃ Z/lZ so that the t-
structure with the above generators is degenerate. The same argument will apply to the category
of integral e´tale motives (cf. [Ayo14, CD16]) and to modules over algebraic K-theory (cf. [CD12,
§13.3] and [BL16]).
However, on categories such as SH and DM (see Example 1.3.1 for a detailed list), the resulting
t-structure is very reasonable and we easily deduce, without any further assumption on S, that the
δ-homotopy t-structure is compatible with gluing as well as some basic exactness: f∗ = f! (resp.
f∗ = f !) is t-exact when f is finite (resp. e´tale). Note that the δ-homotopy t-structure does not
really depend on the choice of δ. Rather, a change of δ shifts the t-structure. So when formulating
t-exactness properties, we have to be precise about the choices of dimension functions. We refer
the reader to the text for these details.
After this definition, our first theorem comes from the fact that we can improve the description
of the generators for the δ-homotopy t-structure in several ways. Actually in the description
(Intro.b) we can add one of the following assumptions:
2We do not have to be more precise for describing our definitions but the reader can find a list of our main
examples in Example 1.3.1.
3see our conventions below for a recall on this property of triangulated categories;
4Following Morel and Ayoub we will use homological conventions for our t-structures; see Section 1.2.
5dimension functions appeared for the first time in [SGA4, XIV, 2.2] in the local case. They were later formalized
by Gabber, cf. [PS14]. We recall this notion in Section 1.1;
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(1) f is proper (even projective).
(2) X is regular.
(3) f is proper and X is regular.
Points 1 and 2 are easily obtained (see Proposition 2.3.1) but they already yield interesting results.
Most notably, they give the comparison of our definition with the classical ones. When S is
the spectrum of a perfect field k of characteristic exponent p and δk is the dimension function
of (Intro.a), the δk-homotopy t-structure on DM(k)[1/p] (resp. SH(k)) coincides with that of
Voevodsky (resp. Morel): see Example 2.3.5. We also give a comparison with Ayoub’s t-structure
under favourable assumptions: see Corollary 2.3.11.
The strongest form of this improvement on generators, point 3 above, is obtained at the cost of
using a convenient resolution of singularities (Hironaka refined by Temkin in characteristic zero,
de Jong-Gabber for rational coefficients, Gabber for Z[1/p]-coefficients in characteristic p > 0)
together with good properties for the category T (the precise hypotheses are given in Paragraph
2.4.1). This description (Th. 2.4.3) will be a key point for our main theorem. The method is
classical though it uses a trick of Riou to go beyond the cases that were known up to now. In
particular, it implies an interesting result of motivic homotopy theory which was not known till
now and that deserves a separate formulation:
Theorem 1 (Th. 2.4.9 and Ex. 2.4.10). Let p be a prime or p = 1 and assume the residue
fields of S have characteristic exponent p. Let SHc(S)[1/p] be the constructible part (i.e. made
of compact spectra) of the stable homotopy category SH(S)[1/p] over S with p inverted.
(1) Then SHc[1/p] is stable under the six operations if one restricts to schemes of characteristic
exponent p and to morphisms f of finite type for the operation f∗.
(2) For any separated morphism f : X → S of finite type such that S is regular, the spectrum6
f !(S0) is dualizing in the triangulated monoidal category SHc(X)[1/p].
Up to now, this fact was only known when p = 1 according to [Ayo07].
The effective case. The preceding theorem is deduced from our results on the δ-homotopy
t-structure because there is a strong relation between the generators of a t-structure and the gen-
erators in the whole triangulated category.7 Indeed, a generated t-structure is left non-degenerate
if and only if its generators are also generators of the triangulated category (see Lemma 1.2.9).
This leads us to the following considerations, based on the fact that Tate twist is not ⊗-invertible
on effective motives: it is natural to consider the generators (Intro.b) with the restriction that
n ≥ δ(X) (rather than n ≥ 0, for duality reasons). Then, if we want this new t-structure to be
non-degenerate, we are lead to consider the triangulated localizing subcategory of T (S) generated
by objects of the form:
(Intro.c) f!(1X)(n)[δ(X) + n], f separated of finite type, n ≥ δ(X).
We denote this triangulated category by T δ−eff (S) and call it the δ-effective subcategory. The
t-structure generated by the above generators is called the effective δ-homotopy t-structure. We
show that this triangulated category, with its t-structure, has many good properties, and especially,
it satisfies the gluing (or localization) property (see Proposition 2.2.10 and 2.2.18). Besides, we
are able to describe its stability by many of the 6 operations (see Section 2.2 for details).
The main case of this definition is given by the category of R-linear motives DM(S,R) over a
scheme S in the following two cases:
• S has characteristic exponent p and p ∈ R× ([CD15]).
• no assumptions on S and R is a Q-algebra ([CD12]).
Then it is shown in Example 2.3.13 that when S = Spec(k) is the spectrum of a perfect field and
δk is the dimension function of (Intro.a), the triangulated category DM
δ−eff (k,R) is equivalent
to Voevodsky’s category of motivic complexes over k. Besides, the category DMδ−eff (k,R) is
invariant under purely inseparable extensions. Thus the categories DMδ−eff (S,R) for positive
6in this formula, S0 is the sphere spectrum over S;
7See our conventions on triangulated categories for recall on that later notion.
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dimensional scheme S are essentially uniquely determined by the gluing property and their value
on fields. Therefore, our construction provides a good extension of the theory of motivic complexes,
with their homotopy t-structure, which was missing in motivic homotopy theory given that the
natural category DMeff (S,R) of [CD12, 11.1.1] is not known to satisfy the gluing property.
The niveau filtration. As visible from the Gersten resolution of homotopy invariant sheaves
with transfers and their comparison with cycle modules, Voevodsky’s homotopy t-structure shares
an intimate relation with the classical coniveau filtration. In fact, it was proved in [De´g12] that the
coniveau spectral sequence associated with the cohomology of a smooth k-scheme with coefficients
in an arbitrary motivic complex K coincides from E2-on with the spectral sequence associated
with the truncations of K for the homotopy t-structure. In [Bon10a] and [Bon15] this relationship
was recast into the framework of weight structures, as the coniveau filtration for any cohomology
was interpreted as the weight filtration coming from a particular case of a weight structure called
the Gersten weight structure.
In our generalized context, this relationship is at the heart of our main theorem. Our use of
a dimension function δ and the will to work over a base scheme S rather than a field lead us
to consider niveau filtration measured by the given dimension function: in other words, we filter
the scheme S by looking at closed subschemes Z ⊂ S such that δ(Z) ≤ n for various integers
n. Moreover, to deal with singular S-schemes, we are lead to consider homology rather than
cohomology following in that point the classical work [BO74] of Bloch and Ogus. We extend their
ideas by using the so-called Borel-Moore homology relative to the base scheme S; note that the
homology considered by Bloch and Ogus is the Borel-Moore homology relative to the base field.
In terms of the 6 functors formalism, the Borel-Moore homology of a separated S-scheme X with
coefficients in any object E in T (S) can be defined as follows:
EBMp,q (X/S) = HomT (X)
(
1X(q)[p], f
!(E)
)
where f is the structural morphism of X/S. When S is regular and E is the unit object this
can be interpreted in good situations (for example in the situation of the preceding theorem) as
cohomology in degree (−p,−q) with coefficients in the dualizing object over X . Moreover, by
adjunction, Borel-Moore homology corresponds to the following abelian groups:
HomT (X)
(
1X(q)[p], f
!(E
)
) = HomT (S)
(
f!(1X(q)[p]),E
)
so that it is natural, following Riou, to call f!(1X) the Borel-Moore object (motive, spectrum,
etc...) associated with f (or X/S).
The six functors formalism immediately yields that Borel-Moore homology, like Chow groups,
is covariant with respect to proper morphisms (see Section 1.3 for recall). These ingredients
altogether allow us to extend the consideration of Bloch and Ogus and to build what we call the
δ-niveau spectral sequence:
δE1p,q =
⊕
x∈X(p)
Eˆ
BM
p+q,n(x/S)⇒ E
BM
p+q,n(X/S)
where X(p) = {x ∈ X | δ(x) = p} and Eˆ
BM
∗∗ (x/S) is computed by taking the limit of the Borel-
Moore homology of ({x} ∩ U)/S for open neighbourhoods U of x in X . A first application of the
δ-niveau spectral sequence allows us to compute Borel-Moore homology in case of mixed motives:
Theorem 2 (Th. 3.1.7). Consider a regular scheme S and a localization R of the ring of integers
Z satisfying one of the following conditions:
• R = Q;
• S is a Q-scheme;
• S is an Fp-scheme and p ∈ R×.
Let δ be the dimension function on S such that δ = − codimS (see Example 1.1.5).
Then for any separated S-scheme X of finite type and any integer n ∈ Z, one has a canonical
isomorphism:
HBM2n,n(X/S,R) ≃ CHδ=n(X)⊗R
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where the left hand side is Borel-Moore motivic homology of X/S with coefficients in R and the
right hand side is the Chow group of R-linear algebraic cycles
∑
i ni.xi of X such that δ(xi) = n
(see also [StacksPr, Chap. 41, Def. 9.1]).
Note in particular that, under the assumptions of the above theorem and assuming further that
X/S is equidimensional of dimension d, the preceding isomorphism can be written:
HBM2n,n(X/S,R) ≃ CH
d−n(X)⊗R
where the right hand side is the group of codimension d− n cycles (see Corollary 3.1.9).
The preceding theorem generalizes the case where S is the spectrum of a (perfect) field. It is a
new indication of the relevance of dimension functions. As indicated in [CD15, Rem. 7.1.12(4)],
when ℓ is a prime invertible on the scheme S, this gives a generalized cycle class:
σ : CHδ=n(X)⊗Q ≃ H
BM
2n,n(X/S,Q)→ H
BM,e´t
2n,n (X/S,Qℓ)
where the right hand side is the rational ℓ-adic Borel-Moore e´tale cohomology of X/S and the map
is induced by ℓ-adic realization functor of [CD15, 7.2.24]. For example, when all the generic points
η of X satisfy δ(η) = n for a chosen integer n, we get by looking at the image of the fundamental
cycle of X on the left hand side under the map σ a canonical map in the ℓ-adic derived category
of Ekedahl over the small e´tale site of X :
Qℓ(n)[2n]→ f
!(Qℓ)
which is a generalization of the local fundamental class ([SGA4.5], when X is a closed subscheme
of S) and of the fundamental class when S = Spec(k) (cf. [BO74]).
The δ-niveau spectral sequence will moreover be essential in the study of the δ-homotopy t-
structure. In this perspective, we are lead to introduce the following definition for a given object
E of T (S). Let x : Spec(E) → S be an E-valued point of S, essentially of finite type. Then E
is the field of functions of an integral affine S-scheme of finite type, say X . We define the fiber
δ-homology Hˆδp (E) of E as the map which to a point x as above and a twist n ∈ Z associates the
following abelian group:8
(Intro.d) Hˆδp(E)(x, n) = lim−→
U⊂X
E
BM
2δ(x)+p−n,δ(x)−n(U/S).
We also consider the δ-effective version of this definition, Hˆδ−effp (E), by restricting to the twists
n ≤ 0.
In fact, the δ-niveau spectral sequence with coefficients in E can be rewritten in terms of the
fiber δ-homology of E. In particular, we deduce from the convergence of the δ-niveau spectral
sequence that the sequence of functors E 7→ Hδp(E) indexed by integers p ∈ Z is conservative.
Moreover, our main theorem can be stated as follows:
Theorem 3 (Th. 3.3.1). Under suitable assumptions on T satisfied in the following examples:
• k is a field of characteristic exponent p, S is a k-scheme essentially of finite type, and T
is SH[1/p] (resp. DMR for a ring R such that p ∈ R×);
• R is a Q-algebra, S is a scheme essentially of finite type over any excellent scheme of
dimension less than 4, and T = DMR;
an object E of T (S) is positive (resp. negative) for the δ-homotopy t-structure if and only if
Hˆδp(E) = 0 for p ≤ 0 (resp. p ≥ 0). Moreover the same assertion holds in the δ-effective case.
This theorem has several interesting consequences. It immediately implies the δ-homotopy
t-structure, both in the stable and δ-effective case, is non-degenerate, a result which was not
known for Ayoub’s homotopy t-structure. It also gives new exactness properties, for a morphism
f : T → S essentially of finite type, a dimension function δ on S, T being equipped with the
dimension function induced by δ:
• if the dimensions of the fibers of f are bounded by d then the functor f∗ : T (S)→ T (T )
has homological amplitude [0, d] for the δ-homotopy t-structure;
8It is shown this definition does not depend on the chosen model X; see Definition 3.2.3.
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• if f is separated of finite type then f ! : T (T ) → T (S) is t-exact for the δ-homotopy
t-structure.
One also deduces a characterization of positivity (resp. negativity) of an object E for the δ-
homotopy t-structure in terms of vanishing of Borel-Moore homology with coefficients in E in a
certain range. For all these facts, we refer the reader to the corollaries stated after Theorem 3.3.1.
The preceding theorem opens the way to computations. The case of the constant motive 1S in
DM(S,R), under the assumptions of this theorem, is already interesting. When S = Spec(Q) (or
is regular and admits a characteristic 0 point), we obtain that 1S has infinitely many homology
motives in non-negative degrees for the δ-homotopy t-structure (Example 3.3.2). On the contrary,
if S is regular, 1S is concentrated in degree 0 for the effective δ-homotopy t-structure (see Example
3.3.3). This is the advantage of the effective version of the δ-homotopy t-structure: in general,
we hope for interesting boundedness properties only in that case. The final computation shows
that when S is singular, then 1S may no longer be concentrated in degree 0: thus, the homology
sheaves for the effective δ-homotopy t-structure detect singularities (see Remark 3.3.4).
We finally deduce (Corollary 3.3.9) from the preceding theorem the following punctual char-
acterization of the δ-homotopy t-structure. An object E of T (S) is homologically positive (resp.
negative) for the δ-homotopy t-structure if and only if the following condition holds:
∀x ∈ S,Hδxp (i
!
xE) = 0 when p ≤ δ(x) (resp. p ≥ δ(x)).
Here δx is the obvious dimension function on the spectrum of the residue field κ(x) of x in S,
and i!x = j
∗i! for the factorization Specκ(x)
j
−→ {x}
i
−→ S. It is striking that this condition is
exactly the same (in the homological notation) as the one characterizing the perverse t-structure
in [BBD82, 4.0.1, 4.0.2].
The δ-homotopy heart. From the results already stated, one deduces several good properties of
the heart T (S)♥ of the δ-homotopy t-structure. Under the assumption of Theorem 3, this abelian
category is a Grothendieck abelian category (see Theorem 4.2.12), with a good family of generators
and satisfying nice functoriality properties; most notably, the gluing property. For suitable choices
of δ, it admits a closed monoidal structure. In fact, it shares some of the fundamental properties
of its model HI(k). In particular, each point Spec(E)→ S, with value in a field E which is finitely
generated over the corresponding residue field of S, defines a fiber functor to graded abelian groups
and the collection of these functors is conservative: this is the transformation which to an object
of the heart F associates the application Hˆδ0 (F) defined by formula (Intro.d).
Our main example, under the assumptions of the above theorem, is the R-linear triangulated
category DMR of mixed motives (resp. DA1,R, the A
1-derived category of Morel) for which we
denote the heart by Πδ(S,R) (resp. Π˜δ(S,R)) and Πδ-eff (S,R) (resp. Π˜δ-eff (S,R)) in the δ-
effective case. It is called the category of δ-homotopy modules (resp. generalized δ-homotopy
modules) over S, and we simply add the adjective effective when considering the heart of the δ-
effective category. Note that in each respective case, the effective heart is a full abelian subcategory
of the general (stable) one (cf. Paragraph 4.1.3).
The category of homotopy modules is a convenient extension over an arbitrary base of the
category HI(k) of homotopy invariant sheaves with transfers over a perfect field k: its effective
subcategory over k coincides with HI(k) up to a canonical equivalence, the whole category and
its effective subcategory are invariant under purely inseparable extensions and satisfy the gluing
property. In fact these properties guarantee it is essentially the unique extension of the theory
of Voevodsky which satisfies the gluing property. Note on the contrary that we cannot prove at
the moment that generalized homotopy modules are invariant under inseparable extensions. On
the other hand, for a perfect field k, the category Π˜δ(k,R) is equivalent to Morel’s category of
homotopy modules ([Mor03, Def. 5.2.4]).
Though these two notions of homotopy modules seem very different, we prove the following
comparison theorem.
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Theorem 4 (see Th. 4.3.1). Let R be a ring and S be a scheme such that R is a Q-algebra or S
is a Q-scheme. Then there is a canonical fully faithful functor:
γ∗ : Π
δ(S,R)→ Π˜δ(S,R)
whose image consists of objects on which Morel’s algebraic Hopf map9 η acts trivially.
The case where R is a Q-algebra is not surprising given that the canonical functor
DM(S,R)
γ∗
−→ DA1(S,R) = SH(−S)⊗R
is fully faithful and its essential image has the same description through the Hopf map (cf. [CD12,
Th. 16.2.13]). The case R = Z for Q-schemes is much stronger given that the map γ∗ is no longer
full (because of the existence of the Steenrod operations). Thanks to our preceding results, the
proof of the above theorem is obtained by reduction to the case of fields, which was proved in
[De´g13].
Note also that we sketch the full proof of the fact that the heart of the category of modules
of algebraic cobordism over a scheme S of characteristic exponent p is equivalent, with Z[1/p]-
coefficients, to the category Πδ(S,Z[1/p]). This reflects the fact that the spectra in the essential
image of the functor γ∗ can be characterized by the property of being orientable.
As a conclusion, the category of homotopy modules with rational coefficients seems to be the
appropriate generalization of the notion of homotopy invariant sheaves with transfers over an
arbitrary base S with a dimension function δ (the category itself does not depend on δ up to
a canonical equivalence). An important class of such sheaves comes from semi-abelian varieties:
the sheaf corresponding to a semi-abelian variety A admits canonical transfers and is homotopy
invariant. In the last part of this paper, we extend this result to the relative setting, using the
works of Ancona, Pepin Lehalleur and Huber ([APLH16]) and Pepin Lehalleur ([Pep15]). Following
these works, one associates to any commutative group S-scheme G an object G of DM(S,Q). Our
last theorem is the following one:
Theorem 5 (Th. 4.4.12). Let S be a regular scheme. For any semi-abelian S-scheme G,10 the
motive G is concentrated in degree 0 for the effective δ-homotopy t-structure on DMδ−eff (S,Q).
Moreover, the functor
G 7→ G
from the category of semi-abelian S-schemes up to isogeny to the category of δ-effective homotopy
modules with rational coefficients is fully faithful, exact and its essential image is stable under
extensions.
Note also that, thanks to a theorem of Kahn and Yamazaki, we are able to completely determine
the fibers of the homotopy module G at a point x : Spec(E) → S. In particular, we obtain:
Hˆδ0 (G)(x, 0) = G(E) while when G = A is an abelian scheme and the abelian variety Ax is
isogeneous to the Jacobian of a given smooth projective curve C/E, Hˆδ0 (A)(x, 1) is the Bloch
group V (C) (cf. [Blo81]) attached to C (see Th. 4.4.11 for more details). This shows that the
Z-grading of homotopy modules has an important arithmetic meaning.
As an application of this result, we finally give the generalization of the computation of the
motive of a smooth curve originally due to Lichtenbaum and Voevodsky (cf. [VSF00, chap. 5,
3.2.4]).
Theorem 6 (Prop. 4.4.15 and 4.4.17). Let S be a regular scheme with dimension function
δ = − codimS . Let C/S be a smooth geometrically connected curve with a section x ∈ C(S).
Assume one of the following conditions holds:
• C/S is projective;
• C admits a smooth compactification whose complement is e´tale over S.
9Recall the algebraic Hopf map is the endomorphism of the sphere spectrum induced by the obvious morphism:
(A2 − {0})→ P1.
10for us, a semi-abelian S-scheme is a commutative group S-scheme which is a global extension of an abelian
S-scheme by an S-torus.
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In these cases, the homology of the δ-effective motive MS(X) for the δ-homotopy t-structure can
be computed as follows:
Hδ−effi (MS(C)) ≃

1S ⊕ J(C) if i = 0,
1S{1} if i = 1 and C/S is projective,
0 otherwise,
where J(C) is the semi-abelian (dual) Albanese scheme of C/S.
Future work. The theory developed in this paper opens the way to several interesting tracks
which we plan to treat separately. The first one is the study of the spectral sequence associated
with the truncations for the δ-homotopy t-structure of motives/spectra of the form f∗(E) for a
given morphism f , which we will call the Leray δ-homotopy spectral sequence. We already know
this spectral sequence is a generalization of Rost spectral sequence introduced in [Ros96] which
was used recently by Merkurjev to prove a conjecture of Suslin. Secondly, we plan to prove a result
which was conjectured by Ayoub for his perverse homotopy t-structure and which generalizes the
result already obtained by the second named author in his Ph. D. thesis: the category of homotopy
modules over a k-scheme S is equivalent to Rost’s category of cycle modules over S (at least after
inverting the characteristic exponent). This result is clear enough at the moment so that we can
safely announce its proof (as well as a generalization without a base field for rational coefficients).
Detailed plan
The first section is devoted to a recall on the main technical tools we will be using: dimension
functions, generated t-structures and various aspects of the motivic homotopy formalism.
The second section will first be devoted to the definition of our δ-homotopy t-structures, as well
as of the setting of δ-effective categories. These definitions are illustrated by examples, which we
hope will help the reader, and by the study of the basic properties of our definitions with respect to
the six operations, such as the gluing property. The last two subsections of Section 2 are devoted
to the exposition of several improved descriptions of the generators for the δ-homotopy t-structure
(stable and effective case) as well as of their application, such as the comparison to the definitions
of Voevodsky, Morel and Ayoub.
The third section is devoted to the proof of our main theorem (number 3 in the above introduction),
whose proof is given in subsection 3.3. The section starts by an extension of the ideas of Bloch and
Ogus on the niveau filtration and associated spectral sequence using dimension functions. This
spectral sequence is applied to get the generalized link between Borel-Moore motivic homology and
Chow groups (without a base field) as stated above (theorem number 2 above). Then we define
and study the fiber δ-homology and relate it with the E1-term of the δ-niveau spectral sequence.
After the proof of the main theorem, several examples and corollaries are stated.
The last section contains a detailed study of the heart of the δ-homotopy t-structure, both in the
stable and effective case, the comparison of the hearts of motives and spectra, and finally the link
with semi-abelian schemes over regular bases.
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Conventions
Schemes. In all this work, we will fix a subcategory S of the category of excellent schemes of
finite dimension which is closed under pullbacks by morphisms of finite type, finite sums and such
that if S is a scheme in S , any localization of a quasi-projective S-scheme is in S . Without
precision, any scheme is supposed to be an object of S .
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Given a scheme S, a point of S will be a morphism x : Spec(E) → S such that E is a finitely
generated extension of the residue field of the image of x in S. When E is a given field, we also say
that x is an E-valued point and denote by S(E) the set of E-valued points. The field E will be
called the field of definition of the point x, and we sometimes denote it generically by Kx. We will
also denote by κx the residue field of the image of x in S. Note that the extension fields Kx/κx
is of finite transcendence degree by assumption. We will call simply transcendence degree of x the
transcendence degree of the field extension Kx/κx.
When we will need to be precise, we will say that x is a set-theoretic point of X if κx = Kx.
This is also assumed by the sentence: “let x ∈ X be a point”.
Morphisms. Unless explicitly stated, separated (resp. smooth) morphisms of schemes are as-
sumed to be of finite type (resp. separated of finite type). We will say lci for “local complete
intersection”.
A morphism f : X → S is said to be essentially of finite type if X is pro-e´tale over an S-
scheme of finite type.11 To be consistent with this convention, we will say that an S-scheme X is
essentially separated if it is essentially of finite type and separated. Given a scheme S in S , we
will denote as usual by S/S the category of schemes in S over S.
Unless explicitly stated, quasi-finite morphisms will be assumed to be essentially of finite type.
Triangulated categories. Recall the following classical conventions.
A subcategory of a triangulated category which admits coproducts is called localizing if it is
stable under extensions, suspensions and arbitrary coproducts (which implies it is stable under
retracts). In a triangulated category C , a class of objects G is called generating – we also say
that G is a generating class of the triangulated category C – if for any object K of C one has the
implication: (
∀X ∈ G, ∀i ∈ Z,HomC (X [i],K) = 0
)
⇒ K = 0.
When C admits arbitrary coproducts, we say that an object K of T is compact if for any family
(Xi)i∈I of objects the canonical map⊕
i∈I
Hom(K,Xi)→ Hom(K,⊕i∈IXi)
is an isomorphism.
Motivic homotopy theory. We will use the language of premotivic and motivic triangulated
categories developed in [CD12] as an extension of the work of Ayoub [Ayo07]. Given a premotivic
triangulated category T , objects of T (S) will be called T -spectra over S.12 Recall we say that
T is compactly generated by its Tate twists (op. cit. Definition 1.3.16) if for any scheme S, the
geometric T -spectra of the form MS(X,T )(i) for a smooth S-scheme X and an integer i ∈ Z are
compact and form a set of generators of the triangulated category T (S). Recall also that when T
is a motivic triangulated category (op. cit. Definition 2.4.45), the fibred category T is equipped
with the 6 functors formalism as stated in op. cit. Theorem 2.4.50.
By convention, all premotivic triangulated categories appearing in this text will be
assumed to be compactly generated by their Tate twists.
We will have to use special combinations of twists and shifts, so we adopt the following con-
ventions for any T -spectrum K and any integer n ∈ Z:
K〈n〉 := K(n)[2n],
K{n} := K(n)[n].
In the text, we will fix a triangulated motivic category T over S (compactly generated by its
Tate twists). When no confusion can arise, objects of T will abusively be called spectra.
11Traditionally, the condition pro-open replaces pro-e´tale but the arguments used here does not change in this
greater generality.
12Here the terminology differs slightly from that of [CD12], but it seems now more natural – motives should be
seen as particular kind of spectra.
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1. Preliminaries
1.1. Reminders on dimension functions.
1.1.1. Let X be a scheme and x, y two points of X . Recall that y is called a specialization of x
if y belongs to the closure Z of x in X . Moreover, y is called an immediate specialization of x if
codimZ(y) = 1. Recall the following definition from [PS14, 2.1.10, 2.1.6]:
Definition 1.1.2. A dimension function on X is a map δ : X → Z such that for any immediate
specialization y of a point x ∈ X , δ(x) = δ(y) + 1.
In this case, we will say that (X, δ) is a dimensional scheme.
We will say that δ is non-negative, and write δ ≥ 0, if its image lies in the set of non-negative
integers.
Remark 1.1.3. According to our global assumptions, X is noetherian. Thus if X admits a dimen-
sion function, it is automatically universally catenary (see loc. cit. 2.2.6).
The following lemma is obvious according to the above definition:
Lemma 1.1.4. If δ and δ′ are dimension functions on a scheme X, the function δ− δ′ is Zariski
locally constant.
In particular, up to an element in Zπ0(X), there exists at most one dimension function on X .
Example 1.1.5. If X is universally catenary and integral (resp. equicodimensional13) then
δ(x) = − dim(OX,x) = − codimX(x)
(
resp. δ(x) = dim
(
{x}
))
is a dimension function on X – see [PS14, 2.2.2, resp. 2.4.4]. In the resp. case, δ is called the
Krull dimension function on X . Note that when dim(X) > 0, these two dimension functions, if
defined, do not coincide.
Remark 1.1.6. SinceX is noetherian finite dimensional (according to our conventions), a dimension
function on X is always bounded. So the preceding lemma implies that if X admits a dimension
function, then it admits at least one non-negative dimension function.
1.1.7. Let f : Y → X be a morphism of schemes and δ be a dimension function on X .
If f is quasi-finite, then δ ◦ f is a dimension function on Y (cf. [PS14, 2.1.12]).
Assume now that f is essentially of finite type. For any point y ∈ Y , x = f(y), we put:
δf (y) = δ(x) + degtr[κy/κx].
According to [PS14, 2.5.2] and the preceding remark, this defines a dimension function on Y –
when f is pro-e´tale, one simply has δf = δ ◦ f . Moreover, we will put:
δ(Y ) = max
y∈Y
(
δf (y)
)
.
We easily deduce from that definition that if Z
g
−→ Y
f
−→ X are morphisms essentially of finite
type, then (δf )g = δgf . This implies in particular that δ(Z) = δf (Z) = δgf (Z).
Remark 1.1.8. According to the preceding remark, for any essentially of finite type X-scheme Y
the following integers
δ−(Y ) = min
y∈Y
(δ(y)), δ+(Y ) = max
y∈Y
(δ(y)),
are well defined. Note that one can check that the image of δ is exactly [δ−(Y ), δ+(Y )]. Note that
δ+(Y ) = δ(Y ); we will use the notation δ+(Y ) only in conjunction with the notation δ−(Y ).
Recall that given a point x of a scheme X , the dimension of X at x, denoted by dimxX , is
the integer limU
(
dim(U)
)
, where U runs over the open neighbourhoods of x in X . We will adopt
the following definition, which is taken from several theorems of Chevalley as stated in [EGA4,
section 13]:
13i.e. the codimension of any closed point of X is equal to the dimension of its connected component. The main
example is that of disjoint unions of equidimensional schemes of finite type over a field or over the ring of integers;
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Definition 1.1.9. Let f : Y → X be a morphism essentially of finite type. The relative dimension
of f is the function denoted by dim(f) which to a point y ∈ Y , associates the integer dimy f−1f(y).
Beware dim(f) is not a dimension function on Y ; in relevant cases (for example smooth, flat or
more generally equidimensional morphisms14), it is locally constant. In general, we will use upper
bounds on this function.
Example 1.1.10. Let f be a morphism of schemes which is locally of finite type. Then dim(f) = 0
if and only if it is locally quasi-finite (cf. [StacksPr, 28.29.5]). This can obviously be extended to
the case where f is essentially of finite type.
Remark 1.1.11. It is clear that degtr(κy/κx) ≤ dimy f−1(x) where x = f(y) and equality happens
if y is a generic point of f−1(x) whose residue field is of maximal transcendence degree over κx.
Proposition 1.1.12. Consider a cartesian square of schemes
Y
g //
q 
X
p
T
f // S
made of essentially of finite type morphisms, and let δ be a dimension function on S.
(1) If δ ≥ 0 then δ(Y ) ≤ δ(X) + δ(T ).
(2) If dim(f) ≤ d then δ(Y ) ≤ δ(X) + d.
(3) Assume f is surjective on generic points of S and dim(f) = d.
Then δ(T ) = δ(S) + d.
Proof. Put h = f ◦ q. Consider a point y ∈ Y whose image is x, t, s respectively in X , T and
S. Recall that κy is a composite extension field of κx/κs and κt/κs ([EGA1, 3.4.9]). Thus, its
transcendence degree is the sum of the transcendence degrees of this last two extension fields.
We prove (1) as follows:
δh(y) = δ(s) + degtr(κy/κs) = δ(s) + degtr(κx/κs) + degtr(κt/κs)
≤ δ(s) + degtr(κx/κs) + δ(s) + degtr(κt/κs) = δ
p(x) + δf (t) ≤ δ(X) + δ(T );
and (2) as follows (using Remark 1.1.11):
δh(y) = δ(s) + degtr(κy/κs) = δ(s) + degtr(κx/κs) + degtr(κt/κs) = δ
p(x) + degtr(κt/κs)
≤ δ(X) + d.
To prove point (3), it remains to show the converse inequality of (2) in the particular case X = S
and dim(f) = d. Consider a generic point s of S such that δ(s) = δ(S) (it exists since δ is
bounded, Remark 1.1.6). By our assumption on f , f−1(s) 6= ∅. Let x be a generic point of f−1(s)
whose residue field is of maximal transcendence degree over κs. According to Remark 1.1.11 and
the assumption on f , one has degtr(κx/κs) = d. Then the following computation allows us to
conclude:
δf (x) = δ(s) + degtr(κx/κs) = δ(S) + d.

14Recall from [EGA4, 13.3.2] that a morphism f : Y → X is equidimensional if the following conditions are
fulfilled:
• f is of finite type;
• dim(f) is Zariski locally constant on Y ;
• f maps generic points of Y to generic points of X.
According to [VSF00, chap. 2, 2.1.8], a flat morphism f : Y → X is equidimensional if for any connected component
Y ′ of Y and any generic point x ∈ X, Y ′x is equidimensional.
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1.2. Reminders on t-structures.
1.2.1. Following Morel ([Mor03]), our conventions for t-structures will be homological.15 Apart
from that, we will follow the classical definitions of [BBD82, Sec. 1.3].
This means in particular that a t-structure t on a triangulated category C is a pair of subcat-
egories (C≥0,C<0) such that
(1) HomC (C≥0,C<0) = 0;
(2) C≥0 (resp. C<0) is stable by suspension [+1] (resp. desuspension [−1]).
(3) for any object M in C , there exists a distinguished triangle of the form
(1.2.1.a) M≥0 →M →M<0
+1
−−→
such that M≥0 ∈ C≥0 and M<0 ∈ C<0.
Then we denote as usual C≥n := C≥0[n] (resp. C≤n+1 := C<n := C<0[n]) for any integer n ∈ Z.
An object M of (C≥0 (resp. C<0)) is called non-t-negative (resp. t-negative); sometimes we
indicate this by the notation M ≥ 0 (resp. M < 0) and similarly for any n ∈ Z.
Recall also that the triangle (1.2.1.a) is unique. Thus, we get a well-defined functor τ t≥0 : C 7→
C≥0 (resp. τ
t
<0 : C 7→ C<0) which is right (resp. left) adjoint to the inclusion functor C≥0 → C
(resp. C<0 → C ). For any integer n ∈ Z and any object M of C , we put more generally:
τ t≥n(M) = τ
t
≥0(M [−n])[n] (resp. τ
t
<n(M) = τ
t
<0(M [−n])[n]).
The pair (C , t) is called a t-category and, when t is clear, it is convenient not to indicate it in
the notation.
1.2.2. Let C be a t-category. The heart of C is the category C♥ = C≤0 ∩ C≥0. It is an abelian
category and the canonical functor:
H0 = τ≤0τ≥0 = τ≥0τ≤0 : C → C
♥
is a homological functor – i.e. converts distinguished triangles into long exact sequences. We put
Hn := H0(.[−n]).
We give the following definition, slightly more precise than usual.
Definition 1.2.3. Let t be a t-structure on a triangulated category C . We say that t is left
(resp. right) non-degenerate if ∩n∈ZC≤n = {0} (resp. ∩n∈ZC≥n = {0}).). We say that t is
non-degenerate if it is left and right non-degenerate.
Another way of stating that t is non-degenerate is by saying that the family of homology functors
(Hn)n∈Z (defined above) is conservative.
1.2.4. Consider two t-categories C and D . One says that a functor F : C → D is left t-exact
(resp. right t-exact) if it respects negative (resp. positive) objects. We will say that F is t-exact
if it is left and right t-exact. We say F is an equivalence of t-categories if it is t-exact and an
equivalence of the underlying categories. Then, the functor H0F induces an equivalence between
the hearts.
More generally, for any n ∈ Z, one says F has (homological) amplitude less (resp. more) than
n if F (C≤0) ⊂ C≤n (resp. F (C≥0) ⊂ C≥n). Similarly, F has amplitude [n,m] is F has amplitude
more than n and less than m.
Recall that given a pair of adjoint functors F : C ⇆ D : G, F is right t-exact if and only if G
is left t-exact. In that case, we will say that (F,G) is an adjunction of t-categories. According to
[BBD82, 1.3.17], such an adjunction induces a pair of adjoint functors:
(1.2.4.a) H0F := (τ≥0 ◦ F ) : C♥ // D♥ : (τ≤0 ◦G) =: H0G.
oo
Suppose in addition that C is a monoidal triangulated category with tensor product ⊗ and
neutral object 1. One says that the tensor structure is compatible with the t-category C if the
15One goes from homological to cohomological conventions by the usual rule: C≤n = C≥−n.
14 MIKHAIL BONDARKO AND FRE´DE´RIC DE´GLISE
bi-functor ⊗ sends two non-negative objects to a non-negative object and 1 is a non-negative
object. In this case, one checks that the formula:
K ⊗H L := τ≤0(K ⊗ L) = H0(K ⊗ L)
defines a monoidal structure on the abelian category C♥ such that the functor H0 is monoidal. If
moreover the tensor structure is closed, then for any K ≥ 0 and L ≤ 0, one has Hom(K,L) ≤ 0.
Thus the bifunctor τ≥0Hom defines an internal Hom in C
♥.
1.2.5. Let C be a compactly generated triangulated category which admits arbitrary small co-
products. We will say that a subcategory C0 of C is stable by extensions if given any distinguished
triangle (K,L,M) of C such that K and M belong to C0, the object L also belongs to C0.
Given a family of objects G of C , we will denote by 〈G〉+ the smallest subcategory of C which
contains G and is stable under extensions, positive suspensions, and arbitrary (small) coproducts.
The following theorem was proved in [AJS03, A.1]; see also [Ayo07, tome I, 2.1.70].
Theorem 1.2.6. Adopt the previous assumptions. Then 〈G〉+ is the category of non-negative
objects of a t-structure tG on G. Moreover, for this t-structure, positive objects are stable under
coproducts, and the functors τ≤0, τ≥0, H0 commutes with coproducts.
Definition 1.2.7. In the assumptions of the previous theorem, the t-structure tG will be called
the t-structure generated by G.
Remark 1.2.8. According to the preceding theorem, the heart T ♥ of the t-structure generated by
G admits small coproducts. So in particular, it admits small colimits.
Moreover, as H0 commutes with coproducts, small coproducts are exact in T
♥. In other words,
T ♥ satisfies Grothendieck properties (AB3) and (AB4) of [Gro57, 1.5]. Checking whether filtered
colimits are exact in T ♥ and finding generators for this abelian category appears to be a much
more complicated problem; see [PS15] or [Bon16]. In the case of interest for this paper, see 4.2.12.
A nice remark about such generated t-structures is the following elementary lemma.
Lemma 1.2.9. Consider the notations of the above theorem. Then the following conditions are
equivalent:
(i) G is a generating family of the triangulated category C ;
(ii) tG is left non-degenerate.
Proof. This immediately follows from the equality:
∩n∈ZC≥n =
{
L ∈ C | ∀K ∈ G, ∀n ∈ Z,Hom(K[n], L) = 0
}
.

Remark 1.2.10. The (right) non-degeneracy of a t-structure generated as above is much more
delicate. We will obtain such a result for our particular t-structures in Corollary 3.3.7. See also
[Ayo07, 2.1.73] for an abstract criterion.
1.3. Reminders on motivic homotopy theory.
Example 1.3.1. This work can be applied to the following triangulated motivic categories:
(1) The stable homotopy category SH of Morel and Voevodsky (see [Ayo07]).
(2) The A1-derived category DA1,R of Morel (see [Ayo07], [CD12]) with coefficients in a ring
R.
(3) The categoryMGL−mod ofMGL-modules (cf. [CD12, 7.2.14, 7.2.18]). Its sections over
a scheme S are made by the homotopy category of the model category of modules over
the (strict) ring spectrum MGLS in the monoidal category of symmetric spectra.
(4) The category of Beilinson motives DMB (see [CD12]) which is equivalent (by [CD12,
16.2.22]) to the e´tale A1-derived category DAe´t,Q with rational coefficients introduced in
[Ayo07]. It can have coefficients in any Q-algebra R.
(5) Let MZ be the ring spectrum in SH(Spec(Z)) constructed by Spitzweck in [Spi13]. Then
the categoryMZ−mod
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(6) Let F be a prime field of characteristic exponent p and S be the category of (excellent)
F -schemes. The category of cdh-motivic complexes DMcdh(−, R) with coefficients in an
arbitrary Z[1/p]-algebra R, is a motivic category over S (see [CD16]).
According to [CD16, Th. 5.1] and [Spi13, Th. 9.16], this motivic category for R =
Z[1/p] is equivalent toMZ−mod[1/p] restricted to S/F through the unique map Spec(F )→
Spec(Z).
Recall also from [CD16, 5.9] that for any regular F -schemeX , the canonical cdh-sheafifi-
cation map
(1.3.1.a) DM(X,R)→ DMcdh(X,R)
is an equivalence of triangulated monoidal categories, where the left hand side is the non-
effective version of Voevodsky’s derived category of motivic complexes (see [CD09, CD12,
CD16]).
All these categories are compactly generated by their Tate twists fulfilling the requirements of our
conventions (see page 9).
Note that DMcdh is a premotivic category over the category of all noetherian schemes, but we
only know it satisfies the localization property over F -schemes as explained above.
Recall also that examples (3)–(6) are oriented ([CD12, 2.4.38]), whereas examples (1) and (2)
are not.
1.3.2. To gather examples (4), (5) and (6) together, we will adopt a special convention. We fix a
ring R and denote by DMR one of the following motivic categories:
(1) if R is a Q-algebra, it is understood that DMR = DMB and S is the category of all
schemes;
(2) if S is the category of F -schemes for a prime field F with characteristic exponent p, it is
understood that p ∈ R× and DMR = DMcdh(−, R);
(3) if R = Z, it is implicitly understood that DMR =MZ−mod and S is the category of all
schemes.
Example 1.3.3. For any ring R satisfying one of the above assumptions, the triangulated motivic
categories of the previous example are related by the following diagram:
MGL−mod
SH
φ∗ 33❣❣❣❣❣❣❣
δ∗
++❱❱❱❱
❱❱❱
❱❱
DA1,R
γ∗
// DMR.
(1.3.3.a)
In the above diagram, the label used stands for the left adjoints; the right adjoints will be written
with a lower-star instead of an an upper-star.
The references are as follows: δ∗, [CD12, 5.3.35]; γ∗, [CD12, 11.2.16]; ρ∗, [CD16, §9]; φ∗, [CD12,
7.2.13]. Recall also that the right adjoints of these premotivic adjunctions are all conservative.
Remark 1.3.4. Note that there exists a premotivic adjunction:
MGL−mod→ DMR
for any ring R satisfying the assumption of 1.3.2 though the whole details have not been written
down. In fact, this will follow from the following two facts:
• DMR(S) is equivalent to the homotopy category of modules over the E∞-ring spectrum
HRS with coefficients in R representing motivic cohomology. Beware that in case (2),
HRS really means the relative motivic Eilenberg-Mac Lane spectrum of S/F in the sense
of [CD15, 3.8]. It coincides with Voevodsky’s motivic Eilenberg-Mac Lane spectrum in
case S is regular (see [CD15, 3.9]) but this is not known when S is singular.16
In any cases of 1.3.2, the equivalence of DMR(S) with HRS-modules is known: for
(1) see [CD12, 14.2.11], for (2) see the construction of [CD15, 5.1], though one does not
16It may be false but note that the cohomology represented by the ring spectra HRS for various F -schemes S
is the unique one which coincides with motivic cohomology on regular simplicial schemes and satisfies cdh-descent.
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consider E∞-ring spectra, for (3) it is obvious. Note however that some special care is
needed about the E∞-structure as well as its compatibility with pullback isomorphisms:
Lf∗(HRS)→ HRT
for f : T → S. This is the first part that needs a careful writing.
• The ring spectrum HRS is oriented, or equivalently, it is a MGLS-algebra which is also
true in any of the cases of 1.3.2. The more difficult point is that the corresponding map
MGLS → HRS
is a morphism of E∞-ring spectra. The proof of this fact is indicated in [Spi13, 11.2].
The latter reference also indicates that this isomorphism is compatible with pullbacks in
S – i.e. with the cartesian structure on the family of ring spectra (MGLS) and (HRS)
indexed by schemes S in S .
Then the required map follows by functoriality of the construction of the homotopy category of
modules over an E∞-ring spectrum.
1.3.5. Constructible T -spectra.
Let us consider an abstract motivic triangulated category satisfying our general assumptions
(see page 9). In particular the T -spectra of the form MS(X)(n) for a smooth S-scheme X and
an integer n ∈ Z are compact.
Following the usual terminology (see [CD12, 4.2.3]), we define the category Tc(S) of con-
structible T -spectra over S as the smallest thick triangulated subcategory of T (S) containing the
T -spectra of the form MS(X)(n) as above. Then according to [CD12, 1.4.11], a T -spectrum is
constructible if and only if it is compact.
Moreover, according to [CD12, 4.2.5, 4.2.12], constructible T -spectra are stable by the opera-
tions f∗, p! (p separated), and tensor product.
The following terminology first appeared in [Rio06].
Definition 1.3.6. Let p : X → S be a separated morphism. We define the Borel-Moore T -
spectrum associated with X/S as the following object of T (S): MBM (X/S) := p!(1X).
Note that according to the previous paragraph, MBM (X/S) is a compact object of T (S).
1.3.7. Let us recall (see [CD12, 2.4.12]) that we define the Thom T -spectrum associated with a
vector space E/X as the T -spectrum:
MTh(E) = p♯s∗(1X),
where p (resp. s) is the canonical projection (resp. zero section) of E/X . Recall for example that
for any integer r ≥ 0, we get under our conventions that MTh(ArS) = 1S〈r〉.
The Thom T -spectrum MTh(E) is ⊗-invertible with inverse s!(1E). Following [Rio06, 4.1.1]
(see also [Ayo07]), the functor Th can be uniquely extended to a functor from the Picard category
K(X) of virtual vector bundles over X (defined in [Del87, 4.12]) to the category of ⊗-invertible
T -spectra and this functor satisfies the relations:
MTh(v + w) = MTh(v)⊗MTh(w)
MTh(−v) = MTh(v)⊗,−1.
It is obviously compatible with base change. Note also that we will adopt a special notation when
X is a smooth S-scheme, with structural morphism f . Then for any virtual vector bundle v over
X , we put:
(1.3.7.a) MThS(v) = f♯
(
MTh(v)
)
.
Thom spaces are fundamental because they appear in the following purity isomorphism of a
smooth morphism f : X → S with tangent bundle Tf :
(1.3.7.b) f ! ≃ MTh(Tf )⊗ f
∗.
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Recall finally that, when T is oriented ([CD12, 2.4.38]), for any virtual vector bundle v over S of
(virtual) rank r, there exists a canonical Thom isomorphism:
(1.3.7.c) MThS(v)
∼
−−→ 1S〈r〉
which is coherent with respect to exact sequences of vector bundles and compatible with base
change (cf. loc. cit.).
1.3.8. In the text below, we will use the following properties of Borel-Moore T -spectra which
follow from the six functors formalism:
(BM1) MBM (X/S) is contravariant in X with respect to proper morphisms of separated S-
schemes.
(BM2) MBM (X/S) is covariant with respect to e´tale morphisms f : Y → X of separated S-
schemes.17
(BM3) (Localization) For any closed immersion i : Z → X with complementary open immersion
j : U → X , one has a distinguished triangle:
(1.3.8.a) MBM (U/S)
j∗
−→MBM (X/S)
i∗
−→MBM (Z/S)
∂i−→MBM (U/S)[1].
(BM4) (Purity) For any smooth S-scheme X of relative dimension d, there exists a canonical
isomorphism in T (S):
pX : MThS
(
− Tf
)
→MBM (X/S)
where Tf is the tangent bundle of f , and we have followed convention (1.3.7.a). When T
is oriented, we get an isomorphism in T (S):
pX :MS(X)〈−d〉 →M
BM (X/S)
where d is the relative dimension of X/S.
(BM5) (Ku¨nneth) For any separated S-schemes X , Y , there exists a canonical isomorphism:
MBM (X/S)⊗MBM (Y/S)→MBM (X ×S Y/S).
(BM6) (Base change) For any morphism f : T → S, f∗MBM (X/S) =MBM (X ×S T/T ).
Each property follows easily from the six functors formalism; using the numeration of the axioms
as in [CD12, Th. 2.4.50]:
• (BM1): (2) and the unit map of the adjunction (f∗, f∗);
• (BM2): (3) and the unit map of the adjunction (f!, f !);
• (BM3): the localization property (Loci);
• (BM4): point (3) i.e. the dual assertion of (1.3.7.b); (BM5): point (5) and (4); (BM6):
point (4).
Remark 1.3.9. It easily follows from (BM4) that T -spectra of the form MBM (X/S)(i) for X/S
separated and i ∈ Z are compact generators of the triangulated category T (S).
Definition 1.3.10. Let X be a separated S-scheme. For any couple of integers (p, q) ∈ Z2, we
define the Borel-Moore homology of X/S with coefficients in E and degree (p, q) as the following
abelian group:
E
BM
p,q (X/S) = HomT (S)
(
MBM (X/S)(q)[p],E
)
.
It will also be convenient to consider two other kinds of twists and therefore use the following
notations:
E
BM
p,{q}(X/S) = HomT (S)
(
MBM (X/S){q}[p],E
)
,
E
BM
p,〈q〉(X/S) = HomT (S)
(
MBM (X/S)〈q〉[p],E
)
.
Besides, when dealing with a non orientable motivic category T , it is useful to adopt the
following extended notations in cohomology – note similar notations may be introduced for Borel-
Moore homology but we will not used the latter in the present paper.
17This covariance can be extended to the case of any smooth morphism f if one adds a twist by the Thom
T -spectrum of the tangent bundle of f .
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Definition 1.3.11. Let X be a scheme, n an integer and v a virtual vector bundle over X . We
define the T -cohomology of X in bidegree (n, v) as the following abelian group:
Hn,v(X,T ) := HomT (X)
(
1X ,Th(v)[n]
)
.
1.3.12. To simplify notations, when f : Y → X is a morphism of schemes and v is a virtual
vector bundle over X , we will denote by Hn,v(Y,T ) the cohomology of Y with degree (n, f−1v).
In particular, the pullback functor f∗ induces a pullback morphism on cohomology:
f∗ : Hn,v(X,T )→ Hn,v(Y,T ).
We will denote by 〈m〉 the virtual bundle associated with the m-dimensional affine space Am over
Z. Then by definition, one gets:
Hn,〈m〉(X,T ) = Hom(1X ,1X〈m〉[n]) = Hom(1X ,1X(m)[2m+ n])
recovering the index of twisted cohomologies that we have introduced above.
Remark 1.3.13. Recall that when T is oriented, for any virtual X-vector bundle v of virtual rank
r, there exists a canonical isomorphism (see for example [De´g14]), called the Thom isomorphism:
Th(v)
∼
−→ 〈r〉.
In particular, for any T -spectrum E, one has a canonical isomorphism En,v(X) ≃ En,〈r〉(X).
The preceding notation is natural and useful to formulate the absolute purity property that
will be used in this paper.
Definition 1.3.14. A closed pair is a pair of schemes (X,Z) such that Z is a closed subscheme
of X . One says (X,Z) is regular if the immersion of Z in X is regular. If X is an S-scheme, one
says (X,Z) is a smooth S-pair if X and Z are smooth over S.
Given an integer n ∈ Z and a virtual vector bundle over Z, one defines the cohomology of
(X,Z) – or cohomology of X with support in Z – in degree (n, v) as the abelian group:
Hn,vZ (X,T ) := HomT (X)
(
i∗(Th(−v)),1X [n]
)
.
1.3.15. Given a morphism of schemes f : Y → X , on easily checks that the pullback functor f∗
induces a morphism of abelian groups:
f∗ : Hn,vZ (X,T )→ H
n,v
T (Y,T )
where T = f−1(Z) and we have used the same convention as before for the group on the right
hand side. We will also say f is a cartesian morphism of closed pairs (Y, T )→ (X,Z).
1.3.16. The following observations are extracted from [De´g14]. Let (X,Z) be a regular closed
pair. We will denote by NZX (resp. BZX) the normal cone (resp. blow-up) associated with
(X,Z). Recall the deformation space DZX = BZ×0(A
1
X) − BZX . The scheme DZX contains
DZZ = A
1
Z as a closed subscheme. It is fibred over A
1 (by a flat morphism), and its fibre over 1
is X while its fibre over 0 is NZX . Thus we get a deformation diagram of closed pairs:
(X,Z)
d1−→ (DZX,A
1
Z)
d0←− (NZX,Z).
For the next definitions, we will fix a subcategory S0 of S . We will call closed S0-pair any closed
pair (X,Z) such that X and Z belongs to S0.
Definition 1.3.17. Consider the above assumptions.
We say that T satisfies S0-absolute purity if for any regular closed S0-pair (X,Z), any integer
n and any virtual vector bundle v over Z, the following maps are isomorphisms:
Hn,vZ (X,T )
d∗1←− Hn,v
A1Z
(DZX,T )
d∗0−→ Hn,vZ (NZX).
When S0 is the category of regular schemes in S , we simply say T satisfies absolute purity.
Example 1.3.18. When S0 is the category of smooth schemes over some scheme Σ in S , T always
satisfies the absolute purity property according to Morel and Voevodsky’s purity theorem [MV99,
Sec. 3, Th. 2.23].
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1.3.19. Let S be a scheme and E be a T -spectrum over S. Then for any S-scheme X in S , we
can define the E-cohomology of X as:
E
n,i(X) = HomT (X)(1X , f
∗
E(i)[n])
– and similarly for the other indexes considered above. We will say that E-cohomology commutes
with projective limits if for any projective system of S-schemes (Xi)i∈I in S which admits a limit
X in the category S , the natural map(
lim
−→
i∈I
E
∗∗(Xi)
)
→ E∗∗(X)
of bigraded abelian groups is an isomorphism. When this property is verified for E the constant
T -spectrum 1S , for any scheme S in S , we will also simply say that T -cohomology commutes
with projective limits.
Extending slightly the terminology of [CD12, 4.3.2],18 we say that T is continuous if for any
scheme S, and any T -spectrum E over S, E-cohomology commutes with projective limits. With
this definition, all the results of [CD12, Section 4.3] work through and we will freely use them –
in fact, we will mainly use Proposition 4.3.4 of loc. cit.
According to [CD12, 4.3.3] (case 2,3,4,5), [CD16] (case 6), and [CD15, Example 2.6] (case 1)
all the motivic categories of Example 1.3.1 are continuous.
Example 1.3.20. Assume that T -cohomology commutes with projective limits in the above sense
andS is the category of all excellent noetherian finite dimensional schemes. Then T automatically
satisfies the absolute purity with respect to the category of regular F -schemes for any prime field
F (see [De´g14, Ex. 1.3.4(2)]). Again, this holds for all the motivic categories of Example 1.3.1.
Recall one says a cartesian morphism of regular closed pairs (Y, T ) → (X,Z) is transversal
if the induced map NT (Y ) → NZ(X) ×Z T is an isomorphism. The following proposition is a
straightforward generalization of [CD16, A.2.8] (see [De´g14] for more details).
Proposition 1.3.21. Let S0 be a subcategory of S satisfying the following assumptions:
• for any regular closed S0-pair (X,Z), the deformation space DZX belongs to S0;
• for any smooth morphism X → S of schemes, if S belongs to S0 then X belongs to S0.
Then the following conditions are equivalent:
(i) T is S0-absolutely pure.
(ii) For any regular closed S0-pair (X,Z), there exists a class ηX(Z) in H
0,NZX
Z (X,T ). The
family of such classes satisfies the following properties:
(a) For a vector bundle E/Z, and (E,Z) being the closed pair corresponding to the 0-
section, the class ηE(Z) corresponds to the identity of the Thom T -spectrum Th(−E)
through the identification:
H0,NZEZ (E,T ) ≃ H
0,E
Z (E,T ) = Hom
(
Th(−E), s!(1Z)
)
≃ Hom
(
Th(−E),Th(−E)
)
.
(b) For any transversal morphism f : (Y, T ) → (X,Z) of regular S0-closed pairs, the
following relation holds in H0,NZXT (Y,T ):
f∗ηX(Z) = ηY (T ).
(c) For any regular closed S0-pair (X,Z), with closed immersion i : Z → X,
ηX(Z) : Th(−NZX)→ i
!(1X)
is an isomorphism of T (Z).
Moreover, when these conditions hold, the properties (a) and (b) uniquely determines the family
ηX(Z) indexed by regular closed S0-pairs (X,Z).
18which applies only to triangulated motivic categories which are the homotopy category associated with a
model motivic category;
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Corollary 1.3.22. Assume T is S0-absolutely pure.
Then for any quasi-projective local complete intersection morphism f : Y → X such that X
and Y belongs to S0, with virtual tangent bundle τf , we get an isomorphism in T (Y ):
ηf : Th
(
τf
)
→ f !
(
1X
)
.
This simply combines the preceding proposition with the relative purity isomorphism (1.3.7.b)
after choosing a factorisation of f into a regular closed immersion followed by a smooth morphism.
Remark 1.3.23. It can be shown that the classes ηf are uniquely determined and in particular do
not depend on the chosen factorization (see [De´g14]) but we will not use this fact here.
2. The homotopy t-structure by generators
2.1. Definition.
Definition 2.1.1. Let (S, δ) be a dimensional scheme (Definition 1.1.2).
The δ-homotopy t-structure over S, denoted by tδ, is the t-structure on T (S) generated by
T -spectra of the form MBM (X/S){n}[δ(X)] (recall Definition 1.3.6) for any separated S-scheme
X and any integer n ∈ Z.
Given a morphism f : T → S essentially of finite type, we will put tδ = tδf as a t-structure on
T (T ).
Note also that the δ-homotopy t-structure is generated by T -spectra of the form
MBM (X/S)〈δ(X)〉{n}
for any separated S-scheme X and any integer n ∈ Z. In the following, we will use this convention
for the generators because it allows to treat the cases of the δ-homotopy t-structure and the
effective δ-homotopy t-structure (cf. Definition 2.2.15) simultaneously.
Remark 2.1.2. (1) Given Lemma 1.2.9 and Remark 1.3.9, tδ is left non-degenerate.
(2) One readily deduces from the above definition that a spectrum E over S is tδ-negative if
and only if for any separated S-scheme X , the Z-graded abelian group
E
BM
p,{∗}(X/S)
is zero as soon as p ≥ δ(X).
Example 2.1.3. Assume S is the spectrum of a field k of characteristic exponent p. We will show
in the next section (cf. Example 2.3.5) that when T = DMcdh[1/p], the δk-homotopy t-structure
coincides with the one defined in [De´g08a] on DM(k)[1/p]. We will also show (ibid.) that when
T = SH and k is a perfect field, the δk-homotopy t-structure on SH(k) coincides with that defined
by Morel in [Mor12].
The premotivic category T is additive: if S = ⊔iSi, T (S) = ⊕i∈IT (Si). In particular, given
any family n = (ni)i∈I of integers, we can define the n-suspension functor Σn as the sum over
i ∈ I of the ni-suspension functor on T (Si). The following lemma is obvious:
Lemma 2.1.4. Let (Si)i∈I be the family of connected components of S. Let δ and δ
′ be two
dimension functions on S. Put n = δ′ − δ seen as an element of ZI according to Lemma 1.1.4.
Then the functor Σn : (T (S), tδ)→ (T (S), tδ′) is an equivalence of t-categories.
Remark 2.1.5. In other words, changing the dimension function on S only changes the δ-homotopy
t-structure by some shift. However, we will keep the terminology “δ-homotopy t-structure” be-
cause it allows us to underline the difference with the other homotopy t-structures defined earlier
(Voevodsky, Morel, De´glise, Ayoub). Then the symbol δ stands for “dimensional”.
Beware also that it is sometimes important to be precise about the chosen dimension functions
(in particular, about the t-exactness properties of functors).
Proposition 2.1.6. Let S be a scheme with a dimension function δ and f : T → S be a morphism
essentially of finite type.
(1) If f is separated, the pair f! : (T (T ), tδ)⇆ (T (S), tδ) : f
! is an adjunction of t-categories.
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(2) If δ ≥ 0, then the tensor product ⊗S is right t-exact on (T (S), tδ).
(3) If dim(f) ≤ d, then the pair of functors f∗[d] : (T (S), tδ) → (T (T ), tδ) : f∗[−d] is an
adjunction of t-categories.
Proof. In each case, one has to check that the left adjoint functor sends a generator of the relevant
homotopy t-structure to a non-negative object. For (1), let Y/T be a separated scheme: recall from
§1.1.7 that δf (Y ) = δ(Y ); thus f!(MBM (Y/T )〈δf (Y )〉 = MBM (Y/S)〈δ(Y )〉 and this concludes.
Similarly, assertion (2) (resp. (3)) follows from part (1) (resp. (2)) of Proposition 1.1.12 and
property (BM5) (resp. (BM6)) of 1.3.8. 
Corollary 2.1.7. Adopt the assumptions of the previous proposition.
(1) If f is e´tale, f∗ : (T (S), tδ)→ (T (T ), tδ) is t-exact.
(2) If f is finite, f∗ : (T (T ), tδ)→ (T (S), tδ) is t-exact.
(2’) If f is proper and dim(f) ≤ d, then f∗ has (homological) amplitude [0, d] (with respect to
the δ-homotopy t-structures).
2.1.8. Consider a closed immersion i : Z → S with complementary open immersion j : U → S.
Recall the localization property for T says precisely that T (S) is glued from T (U) and T (Z)
with respect to the six functors i∗, i∗, i
!, j!, j
∗, j∗. In particular, we are in the situation of [BBD82,
I, 1.4.3].
From op. cit. 1.4.10, if tU (resp. tZ) is a t-structure on T (U) (resp. T (Z)), there exists a
unique t-structure tgl whose positive objects K are characterized by the conditions:
i∗(K) ≥ 0, j∗(K) ≥ 0.
The t-structure tgl is called the t-structure glued from tU and tZ ; one also says the t-category
(T (S), tgl) is glued from (T (U), tU ) and (T (Z), tZ). The glued t-structure on T (S) is uniquely
characterized by the fact that j∗ and i∗ are t-exact (see op. cit., 1.4.12). In particular, the previous
corollary immediately yields:
Corollary 2.1.9. Consider the assumption of the previous proposition. Let i : Z → S be a closed
immersion with complementary open immersion j : U → S.
Then the t-category (T (S), tδ) is obtained by gluing the t-categories (T (Z), tδ) and (T (U), tδ).
Example 2.1.10. let S be a universally catenary integral scheme with dimension function δ =
− codimS (cf. Example 1.1.5). Then we deduce from the previous corollary that for any smooth
S-scheme X , the T -spectrum MS(X) is tδ-non-negative.
Indeed, first we can assume that X is connected. Let d be its relative dimension over S.
According to the preceding corollary, this assertion is Zariski local on S. In particular, we can
assume that the tangent bundle of X/S admits a trivialization. Then according to 1.3.8(BM4),
MS(X) =M
BM (X/S)〈d〉. It is now sufficient to remark that d = δ(X) – because of our choice of
δ along with Proposition 1.1.12(3).
Actually, this example and the previous gluing property are the main reason for our choice of
generators of the δ-homotopy t-structure (see also Corollary 2.3.4).
Corollary 2.1.11. Let (S, δ) be a dimensional scheme and E/S be a vector bundle of rank r.
Then the functor
(
MThS(E)[−r] ⊗ −
)
is tδ-exact. The same result holds if one replaces E by a
virtual vector bundle v over S of virtual rank r (see §1.3.7).
It simply follows by noetherian induction on S from the previous corollary and the fact a vector
bundle of rank r is generically isomorphic to ArS .
Proposition 2.1.12. Let (S, δ) be a dimensional scheme and f : T → S a smooth morphism.
Then f ! is tδ-exact.
This follows from Proposition 2.1.6, the previous corollary and the relative purity isomorphism
(1.3.7.b).19
19Under stronger assumptions, the t-exactness of f ! will be generalized in Corollary 3.3.7.
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2.1.13. One can reinterpret the preceding proposition in terms of the classical pullback functor
f∗.
Let (S, δ) be a dimensional scheme and f : T → S be a smooth morphism. Let us write δf for
the dimension function on T induced by f (see 1.1.7). Note that since f is smooth, the function
dim(f) is Zariski locally constant on T . We consider a new dimension function on T :
(2.1.13.a) δ˜f = δf − dim(f).
As a corollary of the previous proposition, we get:
Corollary 2.1.14. In the notation above, the adjunction
f∗ : (T (S), tδ)⇆ (T (T ), tδ˜f ) : f∗
of triangulated categories is an adjunction of t-categories such that f∗ is t-exact.
Proof. We can assume that T is connected in which case dim(f) is constant equal to an integer d.
By definition, one has δ˜f − δf = −d. Indeed, according to the previous proposition and Lemma
2.1.4, the following composite functor is t-exact:
(T (S), tδ)
f !
−→ (T (T ), tδf )
Σ−d
−−−→ (T (T ), tδ˜f ),
where Σ−d(K) = K[−d]. According to 1.3.8(BM4), f ! = f∗ ⊗ Th(τf ), where τf is the tangent
bundle of f , which has pure rank d. Thus, according to the beginning of the proof, we get that
f∗ ⊗ Th(τf )[−d] = f ![−d] is t-exact with respect to tδ on the source and tδ˜f on the target. This
concludes the proof by Corollary 2.1.11. 
Example 2.1.15. Let f : T → S be a smooth morphism such that S and T are equicodimensional
(for example, S integral over a field). Let δ = dimS (resp. dimT ) be the Krull dimension function
restricted to S (resp. T ). Then one readily checks that (dimS)
f = dimT +dim(f), so that we
have δ˜f = dimT in the notation of (2.1.13.a). Thus the preceding corollary yields the following
adjunction of t-categories:
f∗ : (T (S), tdimS )⇆ (T (T ), tdimT ) : f∗
such that f∗ is t-exact.
Let us remark finally the following fact.
Lemma 2.1.16. Assume that the motivic category T is semi-separated.20 Then for any finite
surjective radicial morphism f : T → S, the functor f∗ : T (S) → T (T ) is an equivalence of
t-categories.
This directly follows from Proposition 2.1.6 and [CD12, 2.1.9].
Example 2.1.17. The triangulated motivic category T = DMR in the conventions of point (1) or
(2) of §1.3.2 is semi-separated.
More generally, it can be shown that any triangulated motivic category T over a category of
schemes S is semi-separated provided that the following two conditions hold:
• T is Z[N−1]-linear where N is the set of characteristic exponent of all the residue fields
of schemes in S ;
• T is oriented.
This follows from the existence of the Gysin morphism associated with any finite local complete
intersection morphism and from a local trace formula. This is the case in particular for the
triangulated motivic category T =MGL−mod of MGL-modules of Example 1.3.1(2).
20 This notion was first introduced by Ayoub. Recall it means that for any finite surjective radicial morphism
f : T → S, the functor f∗ : T (S)→ T (T ) is conservative. According to [CD12, 2.1.9], it implies that f∗ is in fact
an equivalence of categories.
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2.2. The δ-effective category.
Definition 2.2.1. Let (S, δ) be a dimensional scheme.
We define the category of δ-effective T -spectra, denoted by T δ−eff (S), as the localizing trian-
gulated subcategory of T (S) generated by objects of the form MBM (X/S)(n) for any separated
S-scheme X and any integer n ≥ δ(X).
When f : T → S is a morphism essentially of finite type, we will put: T δ−eff (T ) := T δ
f−eff (T ).
Remark 2.2.2. (1) Arguing as in the proof of Lemma 2.1.4, we easily deduce that, up to a
canonical triangulated equivalence, the category T δ−eff (S) does not depend on δ. This
equivalence will preserve the monoidal structure if it is defined (see point (2) of the fol-
lowing proposition).
(2) Our definition of δ-effectivity is closely related to the classes of morphisms Bn (and to the
corresponding constructions) considered in [Pel13, §2]; yet it seems our use of dimension
functions is new in this context.
Example 2.2.3. (1) Assume T is oriented, the base scheme S in universally catenary and
integral, and δ = − codimS (Example 1.1.5). Then for any smooth S-scheme X , the T -
spectrum MS(X) is δ-effective, as in the classical mixed motivic case — this follows from
1.3.8(BM4) and Proposition 1.1.12(3). In fact, we do not need the orientation assumption
and a more general statement will be proved in Corollary 2.2.11.
(2) Actually, as a consequence of the cancellation theorem of Voevodsky, we will see in Ex-
ample 2.3.13 that when T = DM[1/p], S is the spectrum of a field k of characteristic
exponent p, δ the Krull dimension function on k, then T δ−eff (k) coincides with the cate-
gory of Voevodsky’s motivic (unbounded) complexes.
The following proposition summarizes basic facts about δ-effective spectra.
Proposition 2.2.4. Let (S, δ) be a dimensional scheme.
(1) The inclusion functors s : T δ−eff (S)→ T (S) and s′ : T δ−eff (S)→ T δ−eff (S)(−1) (that
we consider as a subcategory of T (S)) admit right adjoints w : T (S) → T δ−eff (S) and
w′ : T δ−eff (S)(−1)→ T δ−eff (S), respectively.
(2) If δ ≥ 0, then T δ−eff (S) is stable under tensor products.
(3) Let f : T → S be a morphism essentially of finite and d an integer such that dim(f) ≤ d.
Then the functor f∗(d) sends T δ−eff (S) to T δ−eff (T ).
(4) Let f : T → S be any separated morphism. Then the exceptional direct image functor f!
sends T δ−eff (T ) to T δ−eff (S).
Proof. Assertion (1) follows from Neeman’s adjunction theorem, since we have assumed T (S)
is compactly generated. Assertion (2) follows from Prop. 1.1.12(1) and §1.3.8(BM5). Finally,
assertion (3) follows from 1.1.12(2) and 1.3.8(BM6) whereas assertion (4) is obvious. 
Remark 2.2.5. The couple of functors (s, w) is analog to the couple of functors (infinite suspension,
infinite loop space) of stable homotopy, though in our case, s is fully faithful. In the case where
T is the category of motives DMR, we refer the reader to Example 2.3.13 for more precisions.
Corollary 2.2.6. Consider the notations of the previous proposition.
(1) If δ ≥ 0, T δ−eff (S) has internal Hom: given any δ-effective spectra M and N over S,
one has:
HomT δ−eff (S)(M,N) = wHomT (S)(M,N).
(2) Let f : T → S be a separated morphism. Then one has an adjunction of triangulated
categories:
f! : T
δ−eff (T )⇆ T δ−eff (S) : f !δ−eff := w ◦ f
!.
(3) Let f : T → S be a morphism essentially of finite type such that dim(f) ≤ d. Then one
has an adjunction of triangulated categories:
f∗(d) : T δ−eff (T )⇆ T δ−eff (S) : w ◦ [f∗(−d)].
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Remark 2.2.7. When f : T → S is equidimensional (for example smooth, flat or universally open),
one can improve point (3) using the same trick as that of §2.1.13. If δ is a dimension function on
S, we consider the following dimension function on T : δ˜f = δf − dim(f).
Then, according to point (3) of the above corollary, we obtain a well defined adjunction of
triangulated categories:
(2.2.7.a) f∗ : T δ−eff (S)→ T δ˜
f−eff (T ) : w ◦ f∗.
Note finally that if S is equicodimensional and δ = dimS is the Krull dimension function on S,
then δ˜f = dimT , the Krull dimension function on T — here we use the fact f is equidimensional.
Example 2.2.8. Let (S, δ) be an arbitrary dimensional scheme. According to point (1) of the
preceding proposition we obtain an adjunction of triangulated categories
s : T δ−eff (S)⇆ T (S) : w
such that s is fully faithful. This formally implies that T δ−eff (S) is the Verdier quotient of the
categoryT (S) made by the full triangulated subcategory Ker(w) made of T -spectraK over S such
that w(K) = 0. Moreover, according to our conventions, the triangulated category T δ−eff (S) is
compactly generated. This formally implies the right adjoint functor w commutes with coproducts.
So the category Ker(w) is stable by coproducts (i.e. localizing).
It is difficult in general to describe concretely the category Ker(w). We now give examples in
the particular case T = DMR, following the conventions of point (1) or (2) in Paragraph 1.3.2.
We need some facts to justify them so we postpone this justification till Paragraph 2.3.15.
Assume S is regular and X/S is a smooth projective scheme such that dim(X/S) = d for a
fixed integer d. Then:
(2.2.8.a) w
(
MS(X)(n)
)
=
{
MS(X)(n) if n ≥ δ(X)− d,
0 if n < δ(S)− d.
This computation allows us to compute the right adjoint appearing in point (3) in some particular
cases. Let us give a very basic example. To fix ideas, assume S is irreducible and δ(S) = 0. Of
course, this implies 1S is δ-effective. Let P be a projective bundle over S of rank d, and f : P → S
be the canonical projection. Then 1P (d) is δ-effective and we get:
w
(
f∗
(
1P (d)
)
(−d)
)
=
d⊕
i=0
w
(
1S(−i)[−2i]
)
= 1S
according to the projective bundle formula and the preceding computation. Many similar compu-
tations can be obtain from the previous formula. We let them as an exercise for the reader.
2.2.9. Let S qf/S be the sub-category of S/S made of the same objects but whose morphisms f are
quasi-finite (see also Example 1.1.10).
Then the previous proposition implies that T δ−eff is a Sm-fibred triangulated subcategory of T
over S qf/S (cf. [CD12, §1]).
21 Moreover, if δ ≥ 0, it is even a monoidal Sm-fibred triangulated sub-
category of T : for any quasi-finite S-scheme T , the tensor product ⊗T respects δ-effective spectra
and moreover the unit 1T is a δ-effective spectra. In particular, the inclusion s : T
δ−eff (T ) →
T (T ) is monoidal, for the induced monoidal structure on the left hand side.
Finally, it is easily seen using Proposition 2.2.4 that this premotivic category satisfies the
localization property:
Proposition 2.2.10. Consider the assumptions of the preceding proposition. Then for any closed
immersion i : Z → S with complementary open immersion j, and any δ-effective spectrum M , the
following triangle is a distinguished triangle in T δ−eff (S):
j!j
∗(K)→ K → i!i
∗(K)
+1
−−→
21In fact, point (3) of Corollary 2.2.6 shows that given a dimensional scheme S, T δ−eff is fibred over S-schemes
essentially of finite type with respect to morphisms which are equidimensional (recall footnote 14, p. 12).
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Corollary 2.2.11. Let (S, δ) be any dimensional scheme.
Then for any smooth S-scheme X, the T -spectrum MS(X)
(
δ(S)
)
is δ-effective.
Proof. By additvity of MS(X) in X , we can assume X is connected. Using the preceding propo-
sition, an easy Noetherian induction shows the assertion is Zariski local in S. In particular, we
can assume the tangent bundle of X/S is trivial, say isomorphic to AdX . Then f : X → S has
constant relative dimension, say d and we can apply Proposition 1.1.12(3) to f . Thus one gets
δ(X) = δ(S) + d. Then using 1.3.8(BM4), the following spectrum is in T δ−eff (S):
MBM (X/S)〈δ(X)〉 =MS(X)〈δ(X)− d〉 =MS(X)〈δ(S)〉,
and this concludes. 
Example 2.2.12. The preceding proposition applies in particular when S is a universally catenary
integral scheme with dimension function δ = − codimS (cf. Example 1.1.5). In this case, for any
smooth S-schemeX , the T -spectrumMS(X) is δ-effective — as expected when T = SH or DA1,R
and S is the spectrum of a field.
Using the same proof as the one of Corollary 2.1.11, we also deduce from the preceding propo-
sition:
Corollary 2.2.13. Let (S, δ) be a dimensional scheme and E/S be a vector bundle of rank r.
Then the functor (MTh(E)[−r] ⊗−) preserves δ-effective spectra.
Remark 2.2.14. Here is a complete list of functors that preserves δ-effective spectra: f! for f
separated, f∗ for f is proper, f
∗ for f quasi-finite, f ! for f smooth.
All cases follow from 2.2.4 except the last one which also uses the previous corollary and the
purity isomorphism f ! ≃ MTh(Tf )⊗ f∗.
We can easily extend the definition of the δ-homotopy t-structure to the effective case:
Definition 2.2.15. Let (S, δ) be a dimensional scheme.
The (effective) δ-homotopy t-structure over S, denoted by teffδ , or tδ when no confusion can
arise, is the t-structure on T eff (S) generated by spectra of the form MBM (X/S)〈δ(X)〉{n} for
any separated S-scheme X and any integer n ≥ 0.
When f : T → S is essentially of finite type, we put tδ = tδf .
With these definitions, it is clear that the adjunction of triangulated categories (see 2.2.4(1)):
(2.2.15.a) s : T δ−eff (S)⇆ T (S) : w
is in fact an adjunction of t-categories.
Remark 2.2.16. As in the non-effective case, we get:
(1) an effective spectrum E over S is tδ-negative if and only if for any separated S-scheme X
the Z-graded abelian group EBMp,{∗}(X/S) is zero in degree ∗ ≥ δ(X) and if p ≥ δ(X);
(2) (see Remark 2.1.2), the effective δ-homotopy t-structure is left non-degenerate;
(3) it does not depend on the choice of the dimension function δ, up to a canonical equivalence
of t-categories;
(4) for any vector bundle E/S of rank r, the endo-functor
(
MThS(E)[−r]⊗−
)
of T δ−eff (S)
(see Cor. 2.2.13) is tδ-exact.
2.2.17. We can easily transport the results of Proposition 2.1.6 to the effective case as follows:
(1) For any separated morphism f : T → S, the pair of functors
f! :
(
T
δ−eff (T ), tδ
)
→
(
T
δ−eff (S), tδ
)
: w ◦ f !
is an adjunction of t-categories.
(2) If δ ≥ 0, the tensor product ⊗S is right t-exact on
(
T δ−eff (S), tδ
)
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(3) For any morphism f : T → S such that dim(f) ≤ d, the pair of functors:
f∗〈d〉 :
(
T
δ−eff (S), tδ
)
→
(
T
δ−eff (S), tδ
)
: w ◦ (f∗〈−d〉)
is an adjunction of t-categories.
In particular, using the adjunction of Corollary 2.2.6 together with Remark 2.2.14, we get that
f! (resp. f
∗) is t-exact when f is finite (resp. e´tale). So we get the following corollary (as for
Corollary 2.1.9):
Corollary 2.2.18. Let (S, δ) be a dimensional scheme, i : Z → S be a closed immersion with
complementary open immersion j : U → S. Then the t-category (T δ−eff (S), tδ) is obtained by
gluing of the t-categories (T δ−eff (Z), tδ) and (T
δ−eff (U), tδ).
As in the non-effective case, we deduce that when f is smooth, the functor w◦f ! = f ! is t-exact.
Moreover, the functor f∗, with the conventions of (2.2.7.a) for the dimension functions, is t-exact.
Finally, As in the non-effective case it is worth to remark the following easy lemma (use the proof
of the analog Lemma 2.1.16).
Lemma 2.2.19. Assume that the motivic category T is semi-separated.
Then for any finite surjective radicial morphism f : T → S, the functor f∗ : T δ−eff (S) →
T δ−eff (T ) is an equivalence of t-categories.
2.3. Improved descriptions of generators. In this section, we give several different descrip-
tions of the generators of the δ-homotopy t-structure and draw some corollaries for the δ-homotopy
t-structure.
Proposition 2.3.1. Let (S, δ) be a dimensional scheme.
Then the δ-homotopy t-structure on T (S) (resp. T δ−eff (S)) admits the following three families
of generators for positive objects:
(1) spectra of the form MBM (X/S)〈δ(X)〉{n} for an integer n ∈ Z (resp. n ∈ N) and a
proper S-scheme X;
(2) spectra of the form MBM (X/S)〈δ(X)〉{n} for an integer n ∈ Z (resp. n ∈ N) and a
regular S-scheme X;
(3) assuming S is regular and separated not necessarily of finite type over Z: spectra of the
form MBM (X/S)〈δ(X)〉{n} for an integer n ∈ Z (resp. n ∈ N) and a regular S-scheme
X such that there exists a closed S-immersion X → ArS with trivial normal bundle.
Proof. To treat all cases simultaneously, we denote by I the set Z (resp. N) and put, using the
notation of 1.2.5, C = 〈G〉+ where G is the family describe in point (1), (2) or (3). We have to
prove that for any separated morphism f : X → S, MBM (X/S)〈d〉 belongs to C where d = δ(X).
Point (1): because f is separated (of finite type), it admits a factorization X
j
−→ X¯
p
−→ S such
that p is proper and j is a dense open immersion. Let i : Z → X¯ be the complementary closed
immersion of j, with Z reduced. Then using 1.3.8(BM3), we get a distinguished triangle:
MBM (Z/S)〈d〉[−1]→MBM (X/S)〈d〉 →MBM (X¯/S)〈d〉
+1
−−→
Note that, since j is dense, we have: δ(X¯) = d and δ(Z) < d. In particular, by assumption on
C , the T -spectra MBM (X¯/S)〈d〉 and δ(X¯) = d both belongs to C . This implies MBM (X/S)〈d〉
belongs to C and concludes.
Point (2) and (3): We use noetherian induction on X , given that the result is obvious when X
is empty. Then it is sufficient to find a dense open subscheme U ⊂ X such that MBM (U/S)〈d〉
belongs to C . Indeed, given that subscheme U we denote by Z its complement in X with its
reduced structure of a subscheme of X . Then, applying again 1.3.8(BM3), we get the following
distinguished triangle:
MBM (U/S)〈d〉 →MBM (X/S)〈d〉 →MBM (Z/S)〈d〉
+1
−−→
and the conclusion follows from the fact MBM (Z/S)〈d〉 belongs to C by noetherian induction
using again the inequality δ(Z) < d.
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In any case, we can assume that X is reduced. Moreover, since X is excellent, it admits a dense
open subscheme U which is regular. This concludes in case of point (2).
For point (3) we remark that we can even assume U is affine in addition to be a regular dense
open subscheme of X . Then the structural morphism p : U → S is affine (because S is separated
over Z, see [EGA2, 1.6.3]). In addition, reducing U again, we can assume the coherent OS-algebra
p∗(OU ) is generated by global sections. Thus there exists a closed immersion i : U → ArS . This
immersion is regular because U is regular by construction and ArS is regular by assumption on
S. Thus the normal cone of i is a vector bundle. In particular, it is generically trivial so that
there exists an open subscheme V in ArS such that i
−1(V ) is dense in U and trivialize the normal
bundle of i. Thus, considering the dense open subscheme i−1(V ) ⊂ X , we are able to finish the
proof of assertion (3). 
As a corollary of assertion (1), we get the following statement.
Corollary 2.3.2. Let (S, δ) be a dimensional scheme.
Then for any adjunction ϕ∗ : T ⇆ T ′ : ϕ∗ of triangulated motivic categories (cf. [CD12,
1.4.6]) and any scheme S, the functor ϕ∗ : T (S) → T ′(S) is right tδ-exact and the functor
ϕ∗ : T
′(S)→ T (S) is tδ-exact.
Proof. The first assertion follows easily from the fact ϕ∗ commutes with functors f! (cf. [CD12,
2.4.53]). The second assertion comes from the previous proposition because ϕ∗ commutes with
f∗ = f! for f proper. 
Example 2.3.3. Let R be a coefficient ring, (S, δ) be a dimensional scheme and consider the
premotivic adjunctions (1.3.3.a). According to the previous corollary, all left (resp. right) adjoints
of these premotivic adjunctions are right tδ-exact (resp. tδ-exact). Then according to (1.2.4.a),
we get adjunctions of abelian categories between the homotopy hearts:
MGL−mod(S)♥φ∗
qq❜❜❜❜❜❜❜❜❜❜
❜❜❜❜❜❜❜
❜❜❜❜❜❜
❜❜❜❜❜
SH(S)♥
H0φ
∗
11❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜❜
H0δ
∗
++❲❲❲❲
❲❲❲
❲❲
DA1(S,R)
♥
H0γ
∗
//
δ∗
kk❲❲❲❲❲❲❲❲❲
DM(S,R)♥.
γ∗oo
Moreover, the right adjoints δ∗, γ∗, ρ∗, and φ∗, are all exact and conservative, thus faithful.
As a corollary of point (3) of the previous proposition, we get the following fact:
Corollary 2.3.4. Let k be a perfect field.
Then the δk-homotopy t-structure on T (k) is generated by spectra of the form M(X){n}, where
X/k is smooth and n ∈ Z.
Indeed, given X/k as in point (3) of the previous proposition, we get:
(2.3.4.a) MBM (X/k)〈δk(X)〉
(BM4)
≃ MThk(−TX/k)〈δk(X)〉 ≃M(X)
because, under the assumptions on X , the tangent bundle of X/k is trivial of rank δk(X).
Example 2.3.5. Let k be a perfect field of characteristic exponent p, δk the canonical dimension
function.
(1) Let T = DMR be the triangulated motivic category of point (1) or (2) of Paragraph 1.3.2.
In case (2), we assume k contains F . Recall from (1.3.1.a) that DM(k,R) can be described
using Nisnevich topology instead of cdh-topology, as was done in [CD09, 7.15].
Then according to the previous corollary and [De´g11, §5.7], the δk-homotopy t-structure
on DM(k,R) coincides with the homotopy t-structure defined in [De´g11, Prop. 5.6].
(2) The case of the stable homotopy category T = SH.
Recall Morel has introduced in [Mor03, Th. 5.3.3] a t-structure on SH(k) that we will
call the Morel homotopy t-structure. One notable feature of this t-structure is that its
heart is equivalent to the category of homotopy modules over k ([De´g13, 1.2.2]), or recall
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below). Moreover, as remarked in [De´g13, 1.1.5], this t-structure is generated (in the
sense of Definition 1.2.7) by spectra of the form: Σ∞X+ ∧ G∧nm , where X is a smooth
k-scheme, Σ∞ is the infinite suspension P1-spectrum functor, Gm stands for the sheaf of
sets represented by the scheme Gm pointed by 1, and n is any integer.
Thus, it follows from the previous corollary that the δk-homotopy t-structure on SH(k)
coincides with Morel’s homotopy t-structure as defined in [Mor03].
(3) The case of the stable A1-derived category T = DA1,R, R any ring of coefficients.
It is explain in [Mor05, Remark 8 of Introduction] how one can build the analog of the
Morel’s homotopy t-structure recalled in the preceding point on the effective version of
the category DA1(k,R). In fact, following the construction of the homotopy t-structure
on SH(k), on can define Morel’s homotopy t-structure on the stable category DA1(k,R).
Then it follows from the construction that the heart is again equivalent to the category
of homotopy modules over k. Again, this t-structure is generated by DA1,R-spectra of the
form Mk(X), where X is a smooth k-scheme.
Thus, we also obtain that the δk-homotopy t-structure is equivalent to Morel’s homotopy
t-structure on DA1(k,R).
2.3.6. Let us underlined an interesting consequence of the previous example. Let again k be a
perfect field of characteristic exponent p, invertible in a fixed coefficient ring R.
Recall from [Mor03, 5.2.4] and [De´g13, 1.1.4] that a homotopy module (resp. homotopy module
with transfers) over k is a sequence (Fn, ǫn)n∈N where Fn is a Nisnevich sheaf over the category
of smooth k-schemes whose cohomology is A1-invariant (resp. which is A1-invariant and admits
transfers) and ǫn : Fn → (Fn+1)−1 is an isomorphism of sheaves where for any such a sheaf G,
G−1(X) = G(Gm × X)/G(X), induced by the unit section of Gm. We denote by Π*(k) (resp.
Πtr* (k)) the corresponding category, morphisms being natural transformations compatible with the
grading and with the given isomorphisms ǫ∗. Recall it is a Grothendieck abelian closed monoidal
category.
Then we get the following equivalences of abelian monoidal categories where the left hand sides
are the heart of the relevant homotopy (or δk-homotopy) t-structure:
(2.3.6.a) SH(k)♥ ≃ Π*(k), DA1(k)
♥ ≃ Π*(k), DM(k)
♥ ≃ Πtr* (k).
The first two equivalences follow from the construction of Morel and the third one by [De´g11,
5.11].
Recall also that Morel defines the Hopf map of a scheme S as the morphism η : Gm → S0
in SH(S), — or η : 1S{1} → 1S with the conventions of the present paper — induced by the
morphism of schemes (
A2S − {0}
)
→ P1S , (x, y) 7→ [x, y].
We say that a spectrum E over S has trivial action of η if the map η ∧ 1 : E{1} → E is 0. This
is equivalent to the fact that η has trivial action on the cohomology En,m(X) for any smooth S-
scheme X and any couple of integers (n,m) ∈ Z2. The main theorem of [De´g13] identifies Πtr* (k)
with the full subcategory of Π*(k) made by homotopy modules with trivial action of η.
In particular, we get the following proposition.
Proposition 2.3.7. We use the notations of Example 2.3.3. Let k be a perfect field of character-
istic exponent p and R a ring such that p ∈ R×. Then the following assertions hold:
(1) The adjunction of abelian categories between the δk-homotopy hearts:
H0δ
∗ : SH(k)♥ ⇆ DA1(k)
♥ : δ∗
are mutually inverse equivalences of abelian monoidal categories.
(2) The exact functor of abelian categories between the δk-homotopy hearts:
γ∗ : DM(k,R)
♥ → DA1(k,R)
♥
is fully faithful and its essential image is equivalent to the category of homotopy modules
with trivial action of the Hopf map η.
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Remark 2.3.8. Let us consider the notations of the preceding proposition. It follows from the
construction of the isomorphisms (2.3.6.a) that one gets commutative diagrams:
DM(k,R)♥
γ∗ //
(1)
DA1(k,R)
♥ δ∗ //
(2)
SH(k)♥
Πtr* (k) γ′
∗
//
∼
OO
Π*(k)
∼
OO
Π*(k)
∼
OO
where γ′∗ associates to a homotopy modules with transfers (F∗, ǫ∗) the homotopy module
(γ∗(F∗), γ∗(ǫ∗))
(see [De´g13, 1.3.3]). As H0δ
∗ is a quasi-inverse of the functor δ∗ appearing in the commutative
square (2), it induces the identity functor on Π*(k) through the identifications (2.3.6.a). There
is no easy way to describe the functor Π*(k) → Π
tr
* (k) induced by H0γ
∗, as the functor adding
transfers does not preserve the property of being homotopy invariant.
2.3.9. Our t-structure is very analogous to that defined earlier by Ayoub in [Ayo07, §2.2.4, p.
365], under the name perverse homotopy t-structure.
To recall the definition, one needs to fix a base scheme B and assume the following property
(see [Ayo07, Hyp. 2.2.58]):
(a) For any separated morphism f : X → B, the functor f ! preserves constructible T -
spectra.22
Note this property is automatically fulfilled whenever S is the category of Q-schemes (cf. [Ayo07,
2.2.33]) or T is Q-linear, separated and satisfies the absolute purity property (cf. [CD12, Th.
4.2.29]).
Let S be a separated23 B-scheme. Then the perverse homotopy t-structure (relative to B) on
T (S) is the t-structure generated by spectra of the form g!q
!(1B){n} for any separated morphism
g : X → S, q being the projection of X/B. Following Ayoub, we will denote it by pt.
Proposition 2.3.10. Consider the above notations along with assumption (a). Assume that B is
regular and let δ be a dimension function on B.
Then for any separated B-scheme S, the t-structure pt (resp. tδ) on T (S) is generated by objects
of the form g!q
!(1B){n} (resp. MBM (X/S)〈δ(X)〉{n}) for an integer n ∈ Z, an affine connected
regular B-scheme X which admits a closed B-embedding i : X → ArB with trivial normal bundle,
and g : X → S a separated B-morphism.
Proof. The case of tδ was already proved as point (3) of Proposition 2.3.1. The proof in the case
of pt is completely similar. 
Corollary 2.3.11. Consider the assumptions of the previous proposition together with the follow-
ing ones:
(b) S is regular with dimension function δ = − codimS (Example 1.1.5);
(c) T satisfies the absolute purity property (Definition 1.3.17).
Then for all separated S-scheme X, the perverse homotopy t-structure pt and the δ-homotopy
t-structure tδ coincide on T (X).
Proof. We will prove that the generators of the two t-structures are the same up to isomorphism.
Using the preceding proposition, the generators of pt (resp. tδ) are of the form g!q
!(1B){n} (resp.
MBM (X/S)〈δ(X)〉{n}) for an integer n ∈ Z, a B-scheme X and a B-morphism g satisfying the
assumptions of the preceding proposition. Then, by assumption, the virtual tangent bundle of
q : X → B is isomorphic to the trivial vector B-bundle of rank d, where d is the relative dimension
22Recall that under our assumptions the two properties constructible and compact coincide for T -spectra.
23In loc. cit. one assumes further that S is a quasi-projective B-scheme but this restriction only appears because
the functors f! and f
! are defined under the assumption f is quasi-projective. This unnecessary assumption has
been removed in [CD12].
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of q. Thus, according to the absolute purity property on T and Corollary 1.3.22, one gets an
isomorphism:
q!(1B) ≃ 1S〈d〉
and this concludes because d = δ(X) according to Proposition 1.1.12(3). 
We close this section with corollaries of Proposition 2.3.1 concerning δ-effective spectra.
Corollary 2.3.12. Let k be a perfect field and δ = dim be the Krull dimension function on
Spec(k).
(1) The category T δ−eff (k) is the localizing triangulated subcategory of T (k) generated by
spectra of the form M(X) for a smooth k-scheme X.
(2) The δ-homotopy t-structure on T δ−eff (k) is generated by spectra of the form M(X) for a
smooth k-scheme X.
Proof. According to point (3) of Proposition 2.3.1, the homotopy t-structure on T δ−eff (k) is
generated, for a smooth connected k-scheme X by spectra of the form MBM (X/k)〈δ(X)〉{n} for
a smooth k-scheme X (because k is perfect) and an integer n ≥ 0. According to Computation
(2.3.4.a), this spectrum is isomorphic to M(X){n}. On the other hand, the later one is a direct
factor of M(X ×Gnm); so point (2) of the above statement follows.
By definition and according to Lemma 1.2.9, the homotopy t-structure on T δ−eff (k) is left non-
degenerate. Applying again Lemma 1.2.9, we obtain that the triangulated category T δ−eff (k) is
equal to its smallest triangulated subcategory stable by coproducts and containing objects of the
form M(X) for a smooth k-scheme X . This is precisely point (1). 
Example 2.3.13. (1) Let F be a prime field with characteristic exponent p and R be a ring
such that p ∈ R×. Then for any perfect field k of characteristic exponent p, the equivalence
(1.3.1.a), the previous corollary and the cancellation theorem of Voeovdsky (cf. [Voe10])
show that there exists a canonical equivalence of triangulated categories:
(2.3.13.a) DMeff (k,R)→ DMδ−effcdh (k,R)
where the left hand side is the triangulated category of Voevodsky’s motivic complexes with
coefficients in R (see [VSF00, chap. 5], [CD09]). Moreover, the corollary also shows that
this functor is an equivalence of t-categories between Voevodsky’s homotopy t-structure
(see [VSF00, chap. 5] or [De´g11, Cor. 5.2]) and the δ-homotopy t-structure.
Note finally that through these equivalences of categories, the adjunction of triangulated
categories
s : DMδ−effcdh (k,R)⇆ DMcdh(k,R) : w
corresponds to the adjunction:
Σ∞ : DMeff (k,R)⇆ DM(k,R) : Ω∞
of [CD09, Ex. 7.15] using again Voevodsky’s cancellation theorem.
(2) In the case of the stable homotopy category T = SH, for any perfect field k, the previous
corollary shows that the δ-effective category SHδ−eff (k) is equivalent to the essential image
of the canonical functor going from S1-spectra to P1-spectra.
Remark 2.3.14. Consider the assumptions of point (1) in the above example. Let moreover k be
a non perfect field. A. Suslin has proved the following facts (see [Sus17]):
• If F is a R-linear homotopy invariant presheaf with transfers over k, then its associated
sheaf is homotopy invariant (the fact the latter admits transfers was already known).
• If F is a R-linear homotopy invariant sheaf with transfers over k, then its Nisnevich
cohomology is A1-invariant.
With all that in hands, we obtain (as in the case of a perfect field) that DMeff (k,R) can be
described has the full subcategory of D(Shtr(k,R)) made by complexes whose cohomology sheaves
are A1-invariant. Moreover, the cancellation theorem holds.
Therefore we can deduce from the above results of Suslin that the equivalence of categories
(2.3.13.a) holds even when k is non perfect. Moreover, one can also extend Voevodsky’s definition
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of the homotopy t-structure on DMeff (k,R) when k is non perfect and the equivalence (2.3.13.a)
is an equivalence of t-categories.
In particular, from the results of Suslin, one deduces that the δ-homotopy heart of DMδ−effcdh (k,R)
is the category of R-linear homotopy invariant sheaves with transfers over k, even when k is non
perfect.
2.3.15. We are now in position to justify computation (2.2.8.a).
Recall the assumptions of this formula: (S, δ) is an arbitrary dimensional scheme, T = DMR
as in 1.3.2(1) or (2) and X is a smooth projective S-scheme of pure dimension d. According to
1.3.8(BM4), we get:
MS(X) =M
BM (X/S)(d)[2d]
In particular, MS(X)(n) is by definition δ-effective if n ≥ δ(X) − d. We prove w(MS(X)(n)) is
zero when n < δ(S)− d. This will use the following vanishing of motivic cohomology, true under
our assumptions: for any regular scheme X , any couple of integers (n,m),
(2.3.15.a) Hn,m(X,R) = 0 if m < 0.
In case of assumption 1.3.2(1), this follows from the isomorphism of the preceding group with the
m-th γ-graded part of Quillen’s K-groupK2m−n(X)Q (see [CD12, 14.2.14]) and under assumption
1.3.2(2), one reduces to the case of smooth F -schemes using Pospescu theorem and [CD15, 3.10]
where it follows from Voevodsky’s cancellation theorem [Voe10].
According to point (3) of Proposition 2.3.1, we only need to check that for any regular quasi-
projective S-scheme Y , the group
HomDM(S,R)
(
MBM (Y/S)(m)[i],MS(X)(n)
)
vanishes if m ≥ δ(Y ), n < δ(S) − d and i is any integer. A straightforward computation, using
the absolute purity property of DMR, gives:
HomDM(S,R)
(
MBM (Y/S)(m)[i],MS(X)(n)
)
= H2d
′−i,d′+n−m(X ×S Y,R)
where d′ is the relative dimension of the quasi-projective S-scheme X ×S Y , which is lci because
X ×S Y and S are regular under our assumptions. Thus the required vanishing follows from
(2.3.15.a), the assumptions on n and m and the fact:
d′ = d+ δ(Y )− δ(S).
Remark 2.3.16. In our knowledge of motivic homotopy theory, the vanishing (2.3.15.a) seems to
be very specific to mixed motives. Indeed, it is false for cobordism, homotopy invariant K-theory,
stable homotopy groups of spheres, ℓ-adic (or torsion) e´tale cohomology.
2.4. The sharpest description of generators.
2.4.1. The next description of generators for the δ-homotopy t-structure combines the advan-
tages of generators in points (1) and (2) of the previous proposition. But we need the following
assumption on our motivic category:
(Resol) One of the following assumptions on T and S is verified:
(i) Each integral scheme X which is essentially of finite type over a scheme in S admits a
desingularization, i.e., there exists a proper birational morphism X ′ → X such that X ′ is
regular.
(ii) S is made of essentially of finite type S0-schemes, where S0 is a noetherian excellent
scheme with dim(S0) ≤ 3, and T is the homotopy category associated with a premotivic
model category which is moreover Q-linear and separated (cf. [CD12, 2.1.7]).
(iii) S is made of k-schemes essentially of finite type where k is a perfect field of characteristic
exponent p, T is Z[1/p]-linear and there exists a premotivic adjunction:
ϕ∗ : SH⇆ T .
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Remark 2.4.2. The question whether any integral quasi-excellent scheme X admits a desingular-
ization as in (Resol)(i) was raised in [EGA4]. It has been proved by Temkin in [Tem08] for all
integral quasi-excellentQ-schemes so that our assumption (Resol)(i) holds in our actual knowledge
when S is a category made of (excellent) Q-schemes.
Theorem 2.4.3. Let (S, δ) be a dimensional scheme. Put I = Z (resp. I = N). Assume that
condition (Resol) holds.
Then the homotopy t-structure on T (S) (resp. T δ−eff (S)) coincides with the t-structure gen-
erated by objects of the form MBM (X/S)〈δ(X)〉{n}, where X/S is proper, X is regular and n ∈ I.
Moreover, when (Resol)(ii) or (Resol)(iii) holds, one can restrict to schemes X/S which are pro-
jective.
Remark 2.4.4. This description of generators is closely related to the Chow weight structures
(cf. §3.4 below) wChow(−) as constructed in [Bon10b], [Bon11], [He´b11], [Bon14], [BI15], and
[BL16] for various versions of DM(−) (since these generators are certain shifts of the so-called
Chow motives over S as defined in the latter three papers; one may consider motives that are
constructible or not and δ-effective or not here). In particular, note that several arguments in
[BI15] are closely related to the ones used in the current paper.
Moreover, in [Bon14], [BI15], and [BL16] weight structures where S does not satisfy any ver-
sion of the assumptions (Resol) were also considered. In this case our level of knowledge (on the
resolution of singularities) is not sufficient to prove that motives of the type MBM (X/S){n} with
X being regular and proper over S, n ∈ Z, form a generating family for the corresponding DM(S).
However, [BL16, Theorem 3.4.2] appears to yield a way to prove (under its assumptions) the cor-
responding version of our Theorem 3.3.1 without relying on Theorem 2.4.3; yet the corresponding
argument is not written down yet.
Moreover, it seems a more careful study of the Chow weights of motives (based on the arguments
from the proof of [CD16, Lemma 6.2.7]) would allow to weaken the assumption (Resol) in Theorem
3.3.1.
Proof. To simplify the notation of this proof, we denote by T the triangulated category T (S)
(resp. T δ−eff (S)) and we put t = tδ. We also denote by t
′ the t-structure generated (Def. 1.2.7)
by the family G made of the compact objects of T of the form MBM (X/S)〈δ(X)〉{n} where X/S
is proper in case (Resol)(i), projective in case (Resol)(ii) and (Resol)(iii), X is regular and n ∈ I.
In this notation we only have to prove that
(2.4.4.a) Tt≥0 ⊂ Tt′≥0
as the converse inclusion is clear. Recall from Definition 1.2.7 that Tt′≥0 is the smallest subcategory
of T which contains G and is stable under extensions, positive suspensions and coproducts.
We begin this proof by a preliminary reduction that occurs only for assumption (Resol)(iii) and
which uses the localization techniques of [CD16, Appendix B]. Given any prime l, we let T(l) be
the Verdier quotient of T by the thick triangulated subcategory generated by the cones of maps
of the form r.1K : K → K for any integer r not divisible by l and any T -spectrum K.
Lemma 2.4.5. Consider the preceding notations.
(1) The family of projection functors πl : T → T(l), indexed by prime integers l different from
p, is conservative.
(2) There exists a unique t-structure tl (resp. t
′
l) on T(l) such that the functor πl : (T , t) →
(T(l), tl) (resp. πl : (T , t
′)→ (T(l), t
′
l)) is t-exact.
Points (1) and (2) of this lemma were proved in loc. cit., B.1.7 and B.2.2 respectively. Note that
(2.4.4.a) is equivalent to the assumption that for any T -spectrum K in Tt≥0, the T -spectrum
τ t
′
<0(K) is trivial. Thus it is sufficient to prove (2.4.4.a) after localizing at a prime l 6= p. This
means that we can assume that T is Z(l)-linear for a prime l 6= p.
Let us go back to the main part of the proof. In any case, it is sufficient to prove that for any
separated S-scheme X , the following property holds:
(P (X)) ∀n ∈ I, MBM (X/S)〈δ(X)〉{n} ∈ Tt′≥0
DIMENSIONAL HOMOTOPY T-STRUCTURES 33
We will show this by induction on the integer d = dim(X). The case d = 0 is obvious. Thus
we can assume that (P (X ′)) holds for any scheme X ′ of dimension less than d. We will use the
following lemma:
Lemma 2.4.6. Consider the inductive assumption on d as above.
(1) For any dense open subscheme U ⊂ X, the property (P (X)) is equivalent to the property
(P (U)).
(2) Let φ : X ′ → X be a proper morphism such that any irreducible component of X ′ dominates
an irreducible component of X. Given any open subscheme U ⊂ X, we denote by φU :
φ−1(U) → U the pullback of φ to U . It is proper, and induces the following morphism –
1.3.8(BM1) – of Borel-Moore T -spectra over U :
φ∗U : 1U =M
BM (U/U)→MBM (V/U).
We assume there exists a dense open subscheme U ⊂ X such that φ∗U is a split monomor-
phism.
Then property (P (X ′)) implies property (P (X)).
Let us prove point (1) of this lemma. We denote by Z the reduced subscheme of X comple-
mentary to U . In T , we get from 1.3.8(BM3) the following distinguished triangle:
MBM (Z/S)〈δ(X)〉[−1]→MBM (U/S)〈δ(X)〉 →MBM (X/S)〈δ(X)〉 →MBM (Z/S)〈δ(X)〉.
Since U is dense in X , one gets: δ(X) = δ(U) and δ(X) > δ(Z), dim(Z) < dim(X). Thus, by the
inductive assumption, for any integer n ∈ I, the T -spectrum
MBM (Z/S)〈δ(X)〉{n}[−1] =MBM (Z/S)〈δ(Z)〉{δ(X)− δ(Z) + n}[δ(X)− δ(Z)− 1]
belongs to Tt′≥0. Thus point (1) of the lemma follows.
Then point (2) follows easily from point (1). Indeed, in the assumptions of point (2), we know
from point (1) that (P (X)) is equivalent to (P (U)). Moreover, the open subscheme V = φ−1(U)
of X ′ is dense. So we also know that (P (X ′)) is equivalent to (P (V )). If we apply φU ! to the
morphism φ∗U in T (U), we get a split monomorphism M
BM (U/S) → MBM (V/S). Thus, since
Tt′≥0 is stable by direct factors, we obtain that (P (V )) implies (P (U)) and this concludes.
Let us go back to the proof of property (P (X)) by induction on the dimension d of X . Since
MBM (X/S) = MBM (Xred/S), we can assume that X is reduced. Let (Xλ)λ be the irreducible
components of X . The closed subset Z = ∪λ6=µXλ ∩Xµ in X is rare. Applying point (1) of the
preceding lemma, we can replace X by X − Z. So we can assume that X is integral. Because
X/S is separated of finite type, it admits an open embedding into a proper S-scheme X¯ that we
can assume to be integral as X is integral. According to the preceding lemma, we can replace X
by X¯ . In other words, we can assume X is proper over S and integral.
Let us treat the case of assumption (Resol)(i). Applying this assumption to X , we get a proper
birational map X ′ → X such that X ′ is regular. Because X ′/S is also proper, property (P (X ′))
is obviously true – by definition of t′. Thus point (2) of the previous lemma shows that (P (X)) is
true as required.
Consider the cases (Resol)(ii) and (iii). According to Chow lemma as stated in [EGA2, 5.6.1],
there exists a birational map X ′ → X over S such that X ′/S is projective. We deduce from point
(2) of the preceding lemma that we can assume X/S is projective.
We now treat the case of assumption (Resol)(ii). Under this assumption, it follows from [Tem15,
1.2.4] that there exists a projective alteration24 φ : X ′ → X such that X ′ is regular connected.
In particular, property (P (X ′)) is obviously true. Moreover, there exists a dense open subscheme
U ⊂ X such that U is regular and π is finite on V = φ−1(U). Then, according to [CD12, 3.3.40]
applied to the motivic category T and the finite morphism φU : V → U , the adjunction map
1U → φU∗φ∗U (1U ) is a split monomorphism in T (U). So we can apply point (2) of the preceding
lemma, and we deduce property (P (X)).
24Recall that an alteration is a proper surjective generically finite morphism.
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Let us finally treat the case of assumption (Resol)(iii). Using the reduction done at the begin-
ning of the proof, we fix a prime l 6= p, and prove the assertion in T(l).
25 According to [ILO14, X,
3.5], there exists a projective generically e´tale alteration φ : X ′ → X of generic degree d prime to
l such that X ′ is regular. In particular, X ′ is projective over S and regular so property (P (X ′))
holds. Let φ′ : Spec(L)→ Spec(K) be the morphism induced by φ on generic points. Because φ′
is finite e´tale, it induces a morphism in SH(K):
φ′∗ : 1K
ad
−→ φ′∗φ
′∗(1K) = φ
′
!(1L).
According to [LYZ16, Lemmas B.3, B.4], there exists a morphism s : φ′!(1L)→ 1K again in SH(K)
such that
φ′∗ ◦ s = d.Id+ α
where α is a nilpotent endomorphism of 1K in SH(K). In particular, the preceding relation means
that φ′∗ ◦ sd is an isomorphism in SH(K)(l).
By the continuity property of SH ([CD12, 4.3.2]), there exists a dense open subscheme U ⊂ X ,
V = φ−1(U), such that s can be lifted to a map sU : φ
′
!(1V ) → 1U . Further, we can assume by
shrinking U that φ∗U ◦
sU
d is an isomorphism in SH(U)(l).
Because ϕ∗ : SH→ T is a premotivic adjunction between motivic categories, it commutes with
f! (see [CD12, 2.4.53]). Thus, we obtain that ϕ
∗
(
sU
d
)
is a splitting of φ∗U in T (U)(l). So finally
point (2) of the preceding lemma allows to conclude that (P (X)) holds. 
Remark 2.4.7. The main application of the previous theorem will be given in the next section.
Here we note that our result appears to be non-trivial already when S = Spec(k) (for k being a
perfect field of positive characteristic p). This case of the statement (along with the easier p = 0
case) has found quite interesting applications in [BS16], where it was used to relate the motivic
homology theory (for motives) to the so-called Chow-weight homology ones.
Now we use our theorem to deduce certain results which are of independent interest. The
following corollary improves results of [Ayo07] and [CD12].
Corollary 2.4.8. Suppose T satisfies assumption (Resol). Then for any scheme S, the triangu-
lated category Tc(S) (resp. T (S)) is generated
26 by spectra (resp. arbitrary coproducts of spectra)
of the form f∗(1X)(n) where f : X → S is a proper morphism (resp. projective under (Resol)(ii)
or Resol(iii))), X a regular scheme and n ∈ Z an integer.
This follows from the preceding proposition, Lemma 1.2.9 and Remark 2.1.2.
Here is an application of the previous corollary, which improves significantly the theory of
Z[1/p]-linear triangulated motivic categories over the category of Fp-schemes, on the model of
[Ayo07] or [CD12, §4].
Theorem 2.4.9. Suppose T satisfies assumption (Resol) and the absolute purity property (Defi-
nition 1.3.17). Then the following properties hold:
(1) The category of constructible T -spectra is stable under the six functors if one restricts to
morphisms f of finite type for the functor f∗.
(2) For any regular scheme S and any separated morphism f : X → S, the T -spectrum DX =
f !(1S), which is constructible according to the first point, is dualizing for constructible T -
spectra over X: for any such T -spectrum M , the natural map
(2.4.9.a) M → Hom
(
Hom(M,DX), DX
)
is an isomorphism.
Proof. The proof of the first point follows from the following ingredients:
• Gabber’s refinement of De Jong alteration theorem (cf. [ILO14, X, 3.5]).
• The argument of Riou for the existence of trace maps for finite e´tale morphisms in SH
satisfying the degree formula (cf. [LYZ16, Lemmas B.3, B.4]).
25Note indeed that the preceding lemma can equally be applied to T(l).
26See Conventions page 9 for the definition of “generated” in the triangulated context.
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Then the proof of Gabber (in the case of the derived category of prime to p torsion e´tale sheaves)
work through as explained in [CD16, proof of Th. 6.4]. The only supplementary observation is
that one only needs local splitting of pullbacks by finite e´tale morphisms, which are given by the
maps ϕ∗
(
sU
d
)
as in the end of the proof of the previous theorem.
The second assertion follows essentially from the proof of [CD15, 7.3]: using the previous
corollary, it is sufficient to check that the map (2.4.9.a) is an isomorphism when M = p!(1Y )
where p : Y → X is a projective morphism and Y is regular. In this case, one can compute the
right hand side of (2.4.9.a) as:
p!Hom
(
1Y ,Hom(1Y , (fp)
!(1S))
)
.
so that, replacing X by Y , we can assume that X is regular separated over S and M = 1X . The
assertion is then Zariski local in X so that we can assume in addition that X/S is quasi-projective.
Because T satisfies absolute purity by assumption, we can apply Corollary 1.3.22 which implies
that DX = f
!(1S) ≃ Th(τf ) where τf is the virtual tangent bundle of f . Because the T -spectrum
Th(τf ) is ⊗-invertible, the result follows trivially. 
Example 2.4.10. The new application of the preceding proposition is given by the case of the stable
homotopy category SH[1/p] restricted to the category of Fp-schemes for a prime p > 0.
Thus constructible spectra with Z[1/p]-coefficients are stable under the six operations if one
restricts to excellent Fp-schemes. Moreover, Grothendieck duality holds for these spectra. Note
for example that given any field k of characteristic p, and any quasi-projective regular k-scheme
X with virtual tangent bundle τX , the Thom space Th(τX) is naturally a dualizing object for
constructible Z[1/p]-linear spectra over X .
Another interesting application of Corollary 2.4.8 is the following result that extends previous
theorems due to Cisinski and the second named author ([CD12, 4.4.25] and [CD16, 9.5]).
Proposition 2.4.11. Consider a premotivic adjunction
ϕ∗ : T ⇆ T ′
of triangulated motivic categories over S which satisfies, the following assumptions:
(a) S is the category of F -schemes for a prime field F of characteristic exponent p.
(b) T and T ′ are Z[1/p]-linear, continuous (see Paragraph 1.3.19) and are the aim of a
premotivic adjunction whose source is SH.
Then for any morphism f : X → S in S , for any T -spectrum E over X, the canonical exchange
transformation:
(2.4.11.a) ϕ∗f∗(E)→ f∗ϕ
∗(E)
is an isomorphism.
Proof. The proof follows that of [CD12, 4.4.25] with some improvements.
We start by treating the case where S = Spec(F ) is the spectrum of the prime field F .
We first show that one can assume f is of finite type. Note that the functor f∗ commutes with
arbitrary coproducts – this follows formally from the fact its left adjoint preserves the generators
which are assumed to be compact (see [CD12, 1.3.20] for details). In particular, it is sufficient
to prove that (2.4.11.a) is an isomorphism when E is constructible. But X can be written as a
projective limit of a projective system of F -schemes of finite type
Xi
fi
−→ Spec(F ), i ∈ I
with transition maps fij . Let us denote by pi : X → Xi the canonical projection. Since T is
continuous, we get an equivalence of triangulated categories ([CD12, 4.3.4]):
(2.4.11.b) 2− lim
−→
i∈I
Tc(Xi)→ Tc(X).
Thus there exists a family (Ei)i∈I such that for all i ∈ I, Ei is a constructible T -spectrum over
Xi with a given identification f
∗
i (Ei) ≃ E for all index i ∈ I, and for all i ≤ j, there is a map
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f∗ij(Ei)→ Ej compatible with the previous identification. In particular, for all index i ∈ I, we get
a canonical map:
fi∗(Ei)→ fi∗pi∗p
∗
i (Ei) ≃ f∗(E).
These maps are compatible with the transition maps fij by the following morphism:
fi∗(Ei)→ fi∗fij∗f
∗
ij(Ei)→ fj∗(Ej).
So we get a canonical morphism of spectra over F :
ψ : hocolimi∈I
(
fi∗(Ei)
)
→ f∗(E).
A direct consequence of the continuity property for T is the following lemma:
Lemma 2.4.12. Under the preceding assumption, the morphism ψ is an isomorphism.
Indeed, it is sufficient to check ψ is an isomorphism after applying the functor HomT (F )(K,−)
for any constructible T -spectrum K. Then it follows from the equivalence (2.4.11.b) and from
the fact K is compact.
In particular, if we know the result for morphisms of finite type with target Spec(F ), we can
conclude for the morphism f :
ϕ∗f∗(E)
(1)
≃ ϕ∗ hocolimi∈I
(
fi∗(Ei)
) (2)
≃ hocolimi∈I
(
ϕ∗fi∗(Ei)
)
(3)
≃ hocolimi∈I
(
fi∗
(
ϕ∗(Ei)
)) (4)
≃ f∗ϕ
∗(Ei)
where (1) (resp. (4)) follows from the preceding lemma (the obvious analog of the preceding lemma
for T ′), (2) is valid because ϕ∗ is a left adjoint thus commutes to homotopy colimits, and (3) is
true by assumption.
So let us assume now that f : X → Spec(F ) is of finite type. According to Corollary 2.4.8,
the category T (X) is generated by arbitrary coproducts of T -spectra of the form p∗(1Y )(n) for
p : Y → X proper, Y regular and n any integer. Since f∗ commutes with coproducts as we have
already seen, it is sufficient to show (2.4.11.a) is an isomorphism when E is one of these particular
T -spectra. Thus, because ϕ∗ commutes with p∗ = p! for p proper (see [CD12, 2.4.53]) and with
twists, we only need to prove that (2.4.11.a) is an isomorphism when E = 1X for X a regular
F -scheme of finite type. In particular, f : X → Spec(F ) is smooth, because F is perfect. From
the six functors formalism, it now formally follows that the spectrum f∗(1X) is rigid, in both the
monoidal categories T (k) and in T ′(k), with strong dual f♯(Th(−τf )) where τf is the tangent
bundle of f (see for example [CD12, 2.4.31]). To conclude, it is sufficient now to recall that ϕ∗ is
monoidal, so it respects strong duals and it commutes with f♯. This concludes the proof in the
case where S is the spectrum of a field.
The general case now formally follows, as in the proof of [CD12, 4.4.25]. 
Remark 2.4.13. The result obtained here is stronger than its analogue in [CD12] or [CD16], where
we had to assume f is of finite type, E is constructible. This is because we have used the continuity
property as well as the compactly generated assumption on triangulated motivic categories. Note
in particular that we do not need any semi-separatedness assumption on the triangulated motivic
categories T and T ′.
Corollary 2.4.14. Under the assumption of the previous proposition, the functor ϕ∗ commutes
with the 6 functors.
This follows formally from the previous proposition (see the proof of [CD12, 4.4.25] for details).
Example 2.4.15. The corollary applies to all motivic adjunctions of the diagram (1.3.3.a) provided
we restrict to equal characteristics schemes and we invert their characteristic exponent.
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3. Local description of homology sheaves
3.1. The δ-niveau spectral sequence. Below, we extend the considerations of [BO74, §3], to
the framework of motivic categories. Actually, the new point is to work in the absolute case
(without a base field) and to use arbitrary dimension functions.
Definition 3.1.1. Let (X, δ) be a dimensional scheme. A δ-flag on X is a sequence Z∗ = (Zp)p∈Z
of reduced closed subschemes of X such that Zp ⊂ Zp+1 and δ(Zp) ≤ p.
We will denote by Fδ(X) the set of δ-flags ordered by term-wise inclusion.
Note that the ordered set Fδ(X) is non-empty and cofiltered (i.e. two elements admit a lower
bound).
3.1.2. Let us recall the framework of exact couples to fix notations (following [De´g12, §1]). An
exact couple in an abelian (resp. triangulated, pro-triangulated27) category C with homological
conventions is the data of bigraded objects D and E of C and homogeneous morphisms in C as
pictured below:
D
(1,−1)
α
// D
(0,0)
β
zz✈✈
✈✈
✈✈
✈✈
E
(−1,0)
γ
dd❍❍❍❍❍❍❍❍
(3.1.2.a)
where the degree of each morphism is indicated, and such that the above diagram is a (long) exact
sequence (resp. a triangle, a pro-triangle) in each degree.
By contrast, an exact couple with cohomological conventions is defined by inverting the arrows
in the above diagram and taking the opposite degrees.
Consider now a dimensional scheme (S, δ) and a separated S-scheme X . Denote again by δ the
dimension function on X induced by that on S. For any δ-flag Z∗ on X and any integer p ∈ Z,
we get according to Paragraph 1.3.8(BM3), a distinguished triangle:
MBM (Zp − Zp−1/S)→M
BM (Zp/S)→M
BM (Zp−1/S)→M
BM (Zp − Zp−1/S)[1]
in T (S). Moreover, these triangles are contravariantly functorial with respect to the order on δ-
flags. Therefore, taking the (pseudo-)projective limit in the pro-triangulated category pro−T (X),
we get a distinguished pro-triangle:
(3.1.2.b) GpM
BM (X/S)
jp∗
−−→ FpM
BM (X/S)
i∗p
−→ Fp−1M
BM (X/S)
∂p
−→ GpM
BM (X/S)[1]
where we have put:
FpM
BM (X/S) = ”lim
←−
”
Z∗
MBM (Zp/S), GpM
BM (X/S) = ”lim
←−
”
Z∗
MBM (Zp − Zp−1/S).
Definition 3.1.3. Consider the above assumptions and notations.
We define the T -motivic δ-niveau exact couple associated with X/S as the following pro-exact
couple with cohomological conventions in pro−T (S):
Dp,q = FpM
BM (X/S)[p+ q], Ep,q = GpM
BM (X/S)[p+ q],
and with morphisms in degree (p, q) induced by the (p+q)-suspension of the exact triangle (3.1.2.b).
3.1.4. Consider the notations of the above definition. Assume we are given a Grothendieck abelian
category A and an exact functor28:
H : T (S)op → A .
Then one can extend this functor to a pro-T -spectrum M• = (Mi)i∈I over S by the formula:
Hˆ(M•) = lim−→
i∈I
(
H(Mi)
)
27i.e. the category of pro-objects of a triangulated category;
28i.e. a functor sending distinguished triangles to long exact sequences
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where the transition morphisms of the colimit are induced by the transition morphisms of the pro-
object P•. Since filtered colimits are exact in A , the functor Hˆ sends distinguished pro-triangle
to long exact sequences. In particular, if we apply Hˆ to the pro-exact couple of the previous
definition, we get an exact couple in the abelian category A with homological conventions, and
therefore a homological spectral sequence:
(3.1.4.a) E1p,q = Hˆp+q
(
FpM
BM (X/S)
)
⇒ Hp+q
(
MBM (X/S)
)
.
Note that because the dimension function δ is necessarily bounded, this spectral sequence always
converges. This general definition will be especially useful in the particular case of the following
definition.
Definition 3.1.5. Consider as above a dimensional scheme (S, δ) and a separated S-scheme X .
Let E be a T -spectrum. We define the δ-niveau spectral sequence of X/S with coefficients in E
as the spectral sequence (3.1.4.a) associated with the functor H = Hom(−,E).
It is useful to consider the Z-graded version of this spectral sequence, replacing E by E(−n) for
any integer n ∈ Z. Then as in [BO74, 3.7], it is easy to check it admits the following form (up to
a canonical isomorphism):
(3.1.5.a) δE1p,q =
⊕
x∈X(p)
Eˆ
BM
p+q,n(x/S)⇒ E
BM
p+q,n(X/S)
where X(p) = {x ∈ X | δ(x) = p} and for any point x ∈ X , with reduced closure Z(x) in X , we
put:
(3.1.5.b) EˆBMp+q,n(x/S) := lim−→
U⊂Z(x)
E
BM
p+q,n(U/S)
where U runs over non-empty open subschemes of Z(x). Moreover, using the functoriality prop-
erties of Borel-Moore spectra (cf. 1.3.8, (BM1) and (BM2)), one easily checks that this spectral
sequence is covariant with respect to proper morphisms and contravariant with respect to e´tale
morphisms.29
Example 3.1.6. Let S be a regular scheme with dimension function δ = − codimS and X be a
separated S-morphism.
We fix a ring of coefficients R flat over Z and consider the R-linear motivic category DMR
following the conventions of Paragraph 1.3.2, point (1) or (2).
Suppose E = 1X is the constant motive over X in DM(X,R). Then the δ-niveau spectral
sequence has the following form:
δE1p,q =
⊕
x∈X(p)
HˆBMp+q,n(x/S,R)⇒ H
BM
p+q,n(X/S,R)
where HBM∗∗ stands for R-linear motivic Borel Moore homology.
Suppose x ∈ X is a point such that δ(x) = p. Let s be its projection to S. Note that
Spec(κ(x))→ S is a limit of lci morphisms whose relative dimension is:
(3.1.6.a) degtr(κ(x)/κ(s))− codimX(s) = δ(x) = p.
Moreover, because S is regular, T satisfies absolute purity, and motivic cohomology commutes
with projective limits (see §1.3.19), we deduce from Corollary 1.3.22 the following computation:
HˆBMp+q,n(x/S,R) = H
p−q,p−n
M (κ(x), R)
where H∗∗M denotes R-linear motivic cohomology. Note that in each cases considered above, one
gets:
Hp−q,p−nM (κ(x), R) =
{
0 if (p− q > p− n) or (p− n < 0),
KMp−q(κ(x)) ⊗Z R if q = n,
where KM∗ denotes Milnor K-theory.
29Actually the opposite functoriality holds for the T -motivic δ-niveau exact couple.
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In particular, the preceding spectral sequence is concentrated in the region p ≥ n and q ≥ n.
Moreover, as in [De´g12, 2.7], one can identify the differential
(3.1.6.b) δE1n,n = Zδ=n(X)⊗R
d1n+1,n
←−−−−−−−−
⊕
x∈X(n+1)
(
κ(x)×
)
⊗Z R =
δE1n+1,n
with the classical divisor class map, where Zδ=n(X) is the abelian group of algebraic cycles in X
of δ-dimension n (i.e. the free abelian group generated by X(n)).
Thus we have proved the following proposition:
Proposition 3.1.7. Let S be a regular scheme with dimension function δ = − codimS, X a
separated S-scheme, and n an integer. Let R be a ring of coefficients.
Assume that one of the following conditions holds:
(a) R = Q,
(b) S is a Q-scheme and R = Z,
(c) S is an Fp-scheme and p ∈ R×.
Then one has a canonical isomorphism:
HBM2n,n(X/S,R) ≃ CHδ=n(X)⊗R
where the right hand side is the Chow group of R-linear algebraic cycles in X of δ-dimension n.
Remark 3.1.8. (1) The graduation on the Chow group of cycles by a dimension function δ
first appeared, to our knowledge, in [StacksPr, Chap. 41, Def. 9.1].
(2) Note of course that the case where S is the spectrum of a field was already well known —
but with a different definition of Borel-Moore motivic homology (though equivalent, see
[CD15]).
(3) It is straightforward to show that the isomorphism of the proposition is functorial with
respect to smooth pullbacks and proper push-forwards. It can also be proved it is functorial
with respect to lci pullbacks. For all this, see the method of [De´g13], in particular Corollary
3.12 and Proposition 3.16.
The following formulation of the preceding result is a kind of duality statement.
Corollary 3.1.9. Consider the assumptions of the previous proposition and assume X/S is equidi-
mensional of dimension d (see [EGA4, 13.3.2]).
Then one has a canonical isomorphism:
HBM2n,n(X/S,R) ≃ CH
d−n(X)⊗R
where the right hand side is the Chow group of R-linear algebraic cycles in X of codimension d−n.
Proof. This follows from the preceding proposition and the following equality for a point x ∈ X
with image s ∈ S (see [EGA4, 13.3.4], as OS,s is universally catenary because it is a regular local
ring):
codimX(x) = codimS(s) + d− degtr(κ(x)/κ(s)) = d− δ(x).

3.1.10. Let us go back to the case of an abstract motivic triangulated category T satisfying our
general conventions. Consider a scheme S, noetherian according to our assumptions.
Let us consider the categories S o/S (resp. S¯
o
/S) made by S-schemes which are separated (of
finite type) (resp. essentially separated) and whose morphisms are e´tale S-morphisms. We let
Po/S be the category of pro-objects of S
o
/S which are essentially affine.
30 Any pro-object X• of
Po/S admits a projective limit X in the category of S-schemes which is separated according to
[EGA4, 8.10.5], and essentially of finite type by definition (see the conventions of this paper, p.
9). Thus we get a functor:
L : Po/S → S¯
o
/S , X• 7→ (lim←−
X•).
30i.e. the transition morphisms are affine up to a large enough index.
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Lemma 3.1.11. In the notation above the functor L is an equivalence of categories.
Proof. The essential surjectivity of L follows from the definition of essentially of finite type and
the reference [EGA4, 8.10.5(v)] (resp. [EGA4, 17.7.8]) for the fact that the property of being
separated (resp. e´tale) is compatible with projective limits. Finally, we get that L is fully faithful
by applying [EGA4, 8.13.2]. 
3.1.12. The preceding lemma allows to canonically extend some of the functors considered pre-
viously. First, we can define the following functor:
MˆBM : Po/S → pro−T (S), (Xi)i∈I 7→ ”lim←−
”
i∈I
MBM (Xi/S).
The preceding lemma tells us that it uniquely corresponds to a functor defined on S¯ o/S , and it
obviously extends the functorMBM from separated S-schemes to essentially separated S-schemes.
Moreover, given a T -spectrum E, we can also define:
Eˆ
BM
∗∗ : P
o
/S → A b
Z2 , (Xi)i∈I 7→ lim−→
i∈I
E
MB
∗∗ (Xi/S).
Definition 3.1.13. Given any essentially separated S-scheme X , we will denote by MˆBM (X/S)
(resp. EˆBM∗∗ (X/S)) the unique pro-spectrum (resp. bi-graded abelian group) obtained by applying
the corresponding functor defined above to any pro-scheme X• in P
o
/S such that L(X•) = X .
The pro-spectrum MˆBM (X/S) (resp. abelian group EˆBM∗∗ (X/S)) is functorially contravariant
(resp. covariant) in X/S with respect to e´tale morphisms.
Remark 3.1.14. It follows from the previous lemma that the notation of this definition coincides
with that of formula (3.1.5.b) when, given a point x ∈ X , one denotes abusively by x/S the
essential separated S-scheme with structural morphism: Spec(κ(x))→ X → S.
3.1.15. Consider a (noetherian) scheme S and i : Z → X a closed immersion between essentially
separated S-schemes. Let us fix pro-schemes (Xs)s∈I and (Zt)t∈J in P
o
/S such that L(X•) = X
and L(Z•) = Z.
BecauseX is noetherian, the ideal of Z in X is locally finitely generated and we can find indexes
s ∈ I and t ∈ J such that the closed immersion i can be lifted to a closed immersion is : Zt → Xs.
Thus, by reducing I and replacing J by I, one can find a morphism of pro-objects i• : Z• → X•
such that for any morphism s→ s′ in I, the following commutative diagram is cartesian:
Zs
it //

Xs

Zs′
it′ // Xs′ ,
where the vertical maps corresponds to the transition morphisms of the pro-objects Z• and X•,
and the horizontal maps are closed immersions.
Note that U• = (Xs−Zs)s∈I is a pro-scheme in Po/S and we have L(U•) = U . Then, we deduce
from 1.3.8(BM3) a pro-distinguished triangle:
MˆBM (U/S)
j∗
−→ MˆBM (X/S)
i∗
−→ MˆBM (Z/S)
∂i−→ MˆBM (U/S)[1].
Using again [EGA4, 8.13.2], we deduce that this triangle does not depend on the lifting of i
constructed above.
Given a spectrum E, we also deduce a canonical long exact sequence of abelian groups:
· · · → EˆBMn+1,m(U/S)
∂i−→ EˆBMn,m(Z/S)
i∗−→ EˆBMn,m(X/S)
j∗
−→ EˆBMn,m(U/S)→ · · ·
Assuming we are given a dimension function δ on S, it is now straightforward to generalize
Definitions 3.1.3 and 3.1.5 to the case of an essentially separated S-scheme X . Therefore we get:
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Proposition 3.1.16. Let (S, δ) be a dimensional scheme and X be an essentially separated S-
scheme. Then there is a canonical spectral sequence (with homological conventions)
δE1p,q =
⊕
x∈X(p)
Eˆ
BM
p+q,{n}(x/S)⇒ Eˆ
BM
p+q,{n}(X/S)
where X(p) stands for the set of points x ∈ X such that δ(x) = p.
3.2. Fiber homology. Let x ∈ S(E) be a point. As a morphism x : Spec(E)→ S, it is according
to our conventions an essentially separated morphism. Thus, it follows from Definition 3.1.13 that
the bi-graded abelian group EˆBM∗∗ (x) is well defined. However, in the proof of the forthcoming
theorem, we will have to be more precise. This motivates the following definition.
Definition 3.2.1. Let S be a scheme and x ∈ S(E) be a point.
An S-model of x will be an affine regular S-scheme X = Spec(A) of finite type such that A is
a sub-ring of E whose fraction field is equal to E and such that x is equal to the composite of the
natural map Spec(E)→ Spec(A) and the structural map of X/S.
We let M (x) be the essentially small category whose objects are S-models of x and morphisms
are open immersions.
3.2.2. Consider a scheme S and a point x ∈ S(E). Because S is assumed to be excellent according
to our conventions, M (x) is non-empty. Moreover, it is easy to check it is a right filtering category.
Thus, with the notations of Lemma 3.1.11, we have: L
(
” lim
←−
”
X∈M (x)
X
)
= x
Therefore, for any spectrum E over S, one has according to Definition 3.1.13:
Eˆ
BM
p,{n}(x) = lim−→
X∈M (x)op
E
BM
p,{n}(X/S).
We will denote by Pt(S) the class of points of S, seen as a discrete category.
Definition 3.2.3. Let (S, δ) be a dimensional scheme, E be a T -spectrum over S and p be an
integer. Consider the preceding notations. One defines the fiber δ-homology of E in degree p (or
simply fiber homology) as the following functor:
Hˆδp(E) : Pt(S)× Z→ A b, (x, n) 7→ Eˆ
BM
δ(x)+p,{δ(x)−n}(x).
One also defines the effective fiber δ-homology of E in degree p as the restriction of Hˆδp(E) to the
discrete category Pt(S) × Z−, where Z− is the set of non-positive integers. We will denote it by
Hˆδ−effp (E).
Here are a few obvious facts about this definition:
Lemma 3.2.4. Let E be a spectrum over S and p ∈ Z be an integer.
(1) One has the relation Hˆδp(E[1]) = Hˆ
δ
p−1(E).
(2) The presheaf Hˆδp(E) is covariantly functorial in E.
(3) The covariant functor Hˆδp commutes with coproducts. It also commutes with twists in the
following sense: Hˆδp(E{1})(x, n) = Hˆ
δ
p(E)(x, n + 1).
(4) Given any distinguished triangle E′
a
−→ E
b
−→ E′′
+1
−−→ in T (S), we deduce a long exact
sequence of presheaf of Z-graded abelian groups
(3.2.4.a) . . .→ Hδp(E
′)
a∗−→ Hˆδp(E)
b∗−→ Hˆδp(E
′′)→ Hˆδp−1(E
′)→ . . .
Moreover, the same assertions hold when T -spectra are replaced by δ-effective T -spectra and Hˆδp
is replaced by Hˆδ−effp .
Remark 3.2.5. Let (S, δ) be a dimensional scheme, f : T → S be a separated morphism and E be
a T -spectrum over S.
Then for any point x ∈ S(E), corresponding to a morphism x : Spec(E) → S, the following
relation directly follows from the definition:
(3.2.5.a) Hˆδp(f
!
E)(x, n) = Hˆδ(E)(x ◦ f, n),
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where δ abusively denotes the dimension function δf on T induced by δ (see Paragraph 1.1.7).
Suppose that f is in addition smooth. Then it is relevant (see Paragraph 2.1.13) to introduce a
new dimension function on T by the formula: δ˜f = δf − dim(f).
(3.2.5.b) Hˆ δ˜
f
p (f
∗
E)(x, n) = Hˆδ(E)(x ◦ f, n).
This formula can also be extended to the following cases:
• T is continuous and f is essentially smooth;
• T is oriented, satisfies absolute purity and f is a quasi-projective morphism between
regular schemes (use Corollary 1.3.22);
• T is continuous, oriented, satisfies absolute purity and f is an essentially quasi-projective
morphism between regular schemes.
3.2.6. Let S be a regular scheme and x ∈ S(E) be a point. Note that the corresponding morphism
x : Spec(E) → S is then a localization of a quasi-projective lci morphism, given by any S-model
X → S of x (Definition 3.2.1).
In particular, it admits a virtual tangent bundle τx in the category K(E) of virtual E-vector
spaces (see §1.3.7). This virtual bundle can be computed using the cotangent complex Lx (cf.
[Ill71]) of the morphism x:
τx =
∑
i
(−1)i[Hi(Lx)] = [Ω
1
x]− [H1(Lx)].
In particular, if s denotes the image of x in S, and κs is the residue field of s in S, we get:
τx = [Ω
1
E/κs
]− [ΓE/κs/F ]− [Ns ⊗κs E]
where Ns = Ms/M2s is the normal bundle of s in Spec(OS,s), and ΓE/κs/F is the imperfection
module ([Mat89, §26]) of the extension E/κs over the prime field F contained in κs (thus the
latter is trivial if the extension is separable).
Recall moreover from [Del87] that the category of virtual E-vector spaces is equivalent to the
Picard category Pic(E) of graded line bundles over E through the determinant functor:
det : K(E)→ Pic(E), [V ] 7→
(
ΛmaxV, rk(E)
)
where Λmax denotes the maximal exterior power and rk the virtual rank.
Proposition 3.2.7. Assume the following conditions hold:
(a) T -cohomology commutes with projective limits (see §1.3.19);
(b) T satisfies absolute purity (see Definition 1.3.17).
Let S be a regular scheme with dimension function δ = − codimS. Then for any point x ∈ S(E)
and any integers (i, n) ∈ Z, there exists a canonical isomorphism
(3.2.7.a) Hˆδi (1S)(x, n) ≃ H
−i,〈τx−r〉,{n}(E,T )
where τx is the virtual tangent bundle of the essential lci morphism x : SpecE → S and r is its
virtual rank – or equivalently, r = δ(x) (see (3.1.6.a)).
Moreover we can associate to any trivialization ψ of the 1-dimensional vector space det(τx) a
canonical isomorphism:
Hˆδi (1S)(x, n) ≃ H
−i,{n}(E,T ).
If moreover T is oriented, this isomorphism is independent of the choice of ψ.
Proof. Let us choose an S-model f : X → S of the point x. As X is affine, f is quasi-projective.
Because X and S are regular, f is also lci. We denote by τX/S its virtual tangent bundle over X .
Thus, from the absolute purity property of T and Corollary 1.3.22, we get an isomorphism for
any integers p, s:
HBMp,{s}(X/S) = HomT (X)(f!(1X){s}[p],1S) ≃ HomT (X)(1X{s}[p], f
!
1S)
η−1f
−−→ HomT (X)(1X{s}[p],Th(τX/S)) = H
i,〈τX/S〉,{s}(X,T ).
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The class ηf being compatible with restriction along an open immersion j : U → X , we get the
same isomorphism after reducing X to U and the corresponding isomorphism is compatible with
the pullback map j∗. Therefore we get an isomorphism:
Hˆδi (1S)(x, n) = Hˆ
BM
r+i,{r−n}(x/S) = lim−→
U⊂X
HBMr+i,{r−n}(U/S) ≃ lim−→
U⊂X
H−i,〈τU/S−r〉,{n}(U,T ).
Now, for any open immersion jV U : V → U of open subschemes of X , we have j∗V UτU/S = τV/S .
Therefore assumption (a) gives the isomorphism (3.2.7.a).
The remark about the trivialization then follows from the fact det is an equivalence of categories
and the last assertion follows from Remark 1.3.13. 
Example 3.2.8. Let S be a regular scheme and δ = − codimS .
(1) Assume T = DMR under the hypothesis of points (1) or (2) of §1.3.2.
Then DMR satisfies assumptions (a) and (b) of the previous proposition and is oriented.
Therefore one gets for any point x ∈ S(E) the following computation:
Hˆδp(1S)(x, n) =
{
0 if p < 0,
KMn (E)⊗R if p = 0
where KM∗ stands for the Milnor K-theory of the field E, or equivalently motivic coho-
mology of E in degree (n, n).
(2) Assume T = SH and S is in addition an F -scheme for a prime field F .
Again, SH satisfies assumptions (a) and (b) of the preceding proposition. Thus one gets
the following non-canonical isomorphism:
Hˆδp(S
0
S)(x, n) =
{
0 if p < 0,
KMWn (E) if p = 0.
whereKMWn (E) denotes the Milnor-Witt K-theory of the field E (cf. [Mor12, Introduction,
Def. 21]). The case p < 0 follows from Morel’s A1-connectivity theorem (cf. [Mor12,
Introduction, Th. 18]) and the case p = 0 is the computation of the 0-th stable A1-
homotopy group of S0S (cf. [Mor12, Introduction, Cor. 24]).
To get a canonical identification, we must introduce a twisted version of Milnor-Witt
K-theory as in [Mor12], bottom of page 139. An element τ of K(E) ≃ Pic(E) can be
canonically represented by a 1-dimensional vector space Λ – its determinant. We put:
KMWn (E, τ) = K
MW
n (E)⊗E× Z[Λ
×]
where Λ× is the set of non zero elements of Λ, with its canonical action of E×, and the
action of an element u ∈ E× is induced by functoriality through the multiplication map
by u. With this notation, one gets a canonical isomorphism:
(3.2.8.a) Hˆδ0 (S
0
S)(x, n) ≃ K
MW
n
(
E, τx
)
where τx is the virtual tangent bundle of the essentially lci morphism x : Spec(E)→ S.
3.2.9. It is useful to rewrite the δ-niveau spectral sequence using fiber homology. Let E be a
spectrum, (S, δ) a dimensional scheme and X be an essentially separated S-scheme. Then the
δ-niveau spectral sequence of X/S with coefficients in E, defined in Proposition 3.1.16, has the
following form:
(3.2.9.a) δE1p,q =
⊕
x∈X(p)
Hˆδq (E)(x, p − n)⇒ E
BM
p+q,{n}(X/S).
Note that the spectral sequence can actually be written as
(3.2.9.b) δE1p,q =
⊕
x∈X(p)
Hˆδq (E)(x)⇒ E
BM
p+q,{∗}(X/S),
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where it is assumed to take values in graded abelian groups; then the differentials in the E1-term
are homogeneous of degree (−1).31
Assume moreover that E is δ-effective. Considering the first form of the spectral sequence δE1p,q,
we see that when n ≥ δ(X), then p− n ≤ 0 or X(p) = ∅. Moreover the abutment of the spectral
sequence can be computed as a group morphisms of the category T δ−eff . Thus the effective
version of the preceding spectral sequence as the form:
(3.2.9.c) δE1p,q =
⊕
x∈X(p)
Hˆδ−effq (E)(x)⇒ E
BM
p+q,{∗}(X/S),
where we have restricted the gradings on the abutment to ∗ ≥ δ(X). So it takes its values in
N-graded abelian groups.
Recall that, because we work with noetherian finite dimensional schemes, the preceding spectral
sequences are all convergent. Thus, a corollary of their existence is the following result.
Proposition 3.2.10. For any dimensional scheme (S, δ), the family of functors:
Hˆδp : T (S)→ PSh
(
Pt(S)× Z
)
, p ∈ Z,
resp. Hˆδ−effp : T
δ−eff (S)→ PSh
(
Pt(S)× Z−
)
, p ∈ Z,
is conservative.
The following vanishing conditions will be a key point for our main theorem 3.3.1.
Proposition 3.2.11. The following conditions are equivalent:
(i) For any regular dimensional scheme (S, δ), and any i < −δ(S), Hˆδi (1S) = 0.
(i’) For any regular scheme S, with dimension function δ = − codimS, and any i < 0,
Hˆδi (1S) = 0.
(ii) For any regular dimensional scheme (S, δ), any essentially separated S-scheme X, and
any p < δ−(X)− δ(S) (see Remark 1.1.8 for the notation) one has HˆBMp,{∗}(X/S) = 0.
Proof. (i) is obviously equivalent to (i’), since any dimension function δ on a connected regular
scheme satisfies the relation δ(x) = δ(S)− codimS(x) for x ∈ S.
The fact (ii) implies (i) follows directly from the definition of Hˆδi . Let us prove the converse
implication. In the situation of (ii), we look at the δ-niveau spectral sequence (3.2.9.b) in the case
E = 1S . Using assumption (i), we get that
δE1p,q = 0 whenever q < −δ(S) or p < δ−(X). In
particular, δE1p,q is zero if p+ q < δ−(X)− δ(S) and this concludes. 
The equivalent properties of the previous proposition will be crucial for the main theorem of
this section so that we introduce the following definition.
Definition 3.2.12. We say that the motivic category T is homotopically compatible if the equiv-
alent conditions of the preceding proposition are satisfied.
As an immediate corollary of Proposition 3.2.7, we get the following useful criterion for this
property.
Proposition 3.2.13. Assume the following conditions hold:
(a) T -cohomology commutes with projective limits (see §1.3.19);
(b) T satisfies absolute purity (see Definition 1.3.17);
(c) For any field E such that Spec(E) is in our category of schemes S , Hn,m(Spec(E),T ) = 0
if n > m.
Then T is homotopically compatible.
Example 3.2.14. Here are our main examples of homotopically compatible categories:
31We are following the convention and homological notations of Rost in [Ros96].
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(1) Assume S is included in the category of schemes over a prime field F . Then all the
triangulated motivic categories of Example 1.3.1, except possibly that of point (5) if the
characteristic of F is positive, satisfies the assumptions of the previous corollary:
• assumption (a): see [CD12, 4.3.3] (the case of SH is treated as the case of DA1 , and
the case of modules then directly follows);
• assumption (b) is then automatic (as recalled in Example 1.3.20);
• assumption (c): in the case of SH, MGL−mod and DA1,R, is a consequence of
Morel’s stable A1-connectivity theorem [Mor05, Th 3]; in the case of DMR, under the
conventions of Paragraph 1.3.2 (so that the characteristic exponent of F is invertible
in R), this follows from the basic property of motivic cohomology of perfect fields
and the semi-separation property of DMR (see Lemma 2.1.16).
(2) Assume S is any category of schemes satisfying our conventions. Then for any Q-algebra
R, DMR is homotopically compatible.
3.3. Main theorem.
Theorem 3.3.1. Assume the following conditions hold:
(a) T is homotopically compatible (see Definition 3.2.12).
(b) Assumption (Resol) of §2.4.1 is satisfied.
Then for any dimensional scheme (S, δ) and any T -spectrum (resp. δ-effective T -spectrum) E
over S, the following conditions are equivalent:
(i) E is tδ-positive (resp. tδ-negative).
(ii) For any integer p ≤ 0 (resp. p ≥ 0), Hˆδp(E) = 0 (Definition 3.2.3).
Moreover, when E is δ-effective, these conditions remain equivalent after replacing tδ by t
eff
δ and
Hˆδp by Hˆ
δ−eff
p .
Proof. The proof is valid in the general and δ-effective case except for a change of indexes. We
use unified notations to treat both cases in a row:
• in the general case, we put I = Z, t = tδ, C = T (S), Hˆp = Hˆδp ;
• in the effective case, we put I = N, t = tδ, C = T δ−eff (S), Hˆp = Hˆδ−effp . Below, this
case will also be referred to as the resp. case.
Let us write C≥0 (resp. C<0) for the subcategory of non-t-negative (resp. t-negative) spectra
in C and CH≥0 (resp. CH<0) for the subcategory of C made of spectra E such that Hˆp(E) = 0 if
p < 0 (resp. p ≥ 0).
Thus we have to prove C<0 = CH<0 and C≥0 = CH≥0.
The fact C<0 ⊂ CH<0 follows from definitions – see in particular Remark 2.1.2 (resp. Remark
2.2.16). Let us prove the converse inclusion. Take a spectrum E in CH<0. According to the remark
previously cited, we have to prove that for any separated S-scheme X , EBMδ(X)+p,δ(X)−n(X/S) = 0
if p > 0 and n ∈ I. Let us rewrite the spectral sequence (3.2.9.b) (resp. (3.2.9.c)) for E and X/S
in our notations, and for the grading ∗ = δ(X)− n, n ∈ I:
δE1p,q =
⊕
x∈X(p)
Hˆq(E)(x, p − δ(X) + n)⇒ E
BM
p+q,{δ(X)−n}(X/S).
The E1p,q-term is concentrated in the region p ≤ δ(X) by construction and in the region q < 0 by
assumption on E. In particular, δE1p,q = 0 if p+ q > δ(X) and this concludes.
We now prove that C≥0 ⊂ CH≥0. According to Lemma 3.2.4, the subcategory CH≥0 of C
is stable by positive suspensions, coproducts and extensions. Thus it is sufficient to prove that
the generators of the t-structure t belongs to CH≥0. According to assumption (b), we can apply
Theorem 2.4.3 to T . Thus, we have to show that for a proper regular S-scheme Y and an integer
m ∈ I, MBM (Y/S)〈δ(Y )〉{m} belongs to CH≥0. Given a point x of S, we show that the abelian
group Hδi
(
MBM (Y/S)〈δ(Y )〉{m}
)
(x, n) is zero for i < 0 and n ∈ I. Note that, as Y/S is proper,
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we get the following computation for any model X ∈ M (x):
HomT (S)
(
MBM (X/S){s}[j],MBM(Y/S)
)
= HomT (Y )
(
MBM (X ×S Y/Y ){s}[j],1S
)
= EBMj,{s}(X ×S Y/Y ).
Thus, with j = δ(X)− δ(Y ) + i and s = δ(X)− δ(Y ) + n−m, we deduce:
Hδi
(
MBM (Y/S)〈δ(Y )〉{m}
)
(x, n) = HˆBMδ(x)−δ(Y )+i,{δ(x)−δ(Y )+n−m}(Yx/Y )
where Yx is the fiber of Y at the point x of S – which is in fact essentially separated over Y .
According to assumption (a), we can apply assertion (ii) of Proposition 3.2.11. This concludes the
proof because δ(x) − δ(Y ) + i < δ−(Yx)− δ(Y ) whenever i < 0.
Let us finally prove that CH≥0 ⊂ C≥0. Let E be an object in CH≥0. We can consider the
distinguished triangles associated with E and the t-structure t:
E≥0 → E→ E<0
+1
−−→
Applying the functor Hp and Lemma 3.2.4(4), we get a sequence of presheaves of abelian groups
on Pt(S)× Z (resp. Pt(S)× Z−):
. . .→ Hˆp(E≥0)→ Hˆp(E)→ Hˆp(E<0)→ Hˆp−1(E≥0)→ . . .
According to the inclusion C<0 ⊂ CH<0 already proved, we get that Hˆp(E<0) = 0 if p ≥ 0. Let
p < 0. By assumption, Hˆp(E) = 0. According to the inclusion C≥0 ⊂ CH≥0 proved just above,
we also have Hˆp−1(E≥0) = 0. Thus the preceding long exact sequence implies that Hˆp(E<0) = 0.
According to Proposition 3.2.10, we deduce that E<0 = 0 and this concludes. 
This theorem has many nice consequences. Let us start with computations.
Example 3.3.2. Assume T = DMQ following conventions of 1.3.2(1).
Let S = Spec(Q) equipped with the Krull dimension function δ. By definition, 1Q is tδ-non-
negative. Moreover, we can see it is not positively bounded for the tδ-homotopy t-structure.
Actually, for any integer n ≥ 0,
(3.3.2.a) Hδn(1Q) 6= 0.
Indeed, let K/Q be the field extension generated by the group of primitive d-th roots of unity µ0d.
Note that according to our conventions, K is a point of Spec(Q). According to Proposition 3.2.7,
we get for any integer n ≥ 0:
Hˆδn(1Q)(K,n+ 1) ≃ H
1,n+1
B
(K).
But this group is non-zero, since Beilinson’s construction of polylogarithms yields a canonical map
ǫn+1 : µ
0
d → H
1,n+1
B
(K)
whose composition with the regulator map is the classical polylogarithm which is non-zero. Here
we refer the reader to [HW98, Cor. 9.6]. Then relation (3.3.2.a) follows from the preceding
theorem.
According to [De´g08b], given any extension field L/Q the pullback mapHi,n+1
B
(Q)→ Hi,n+1
B
(L)
is a (split) monomorphism. Thus relation (3.3.2.a) is true if one replaces Q by any characteristic
0 field, or even any regular Q-scheme S with dimension function δ = − codimS (given again the
computation of Proposition 3.2.7).
Note in particular that the δ-homology of a constructible motive will not be positively bounded
in general. This makes it different from its cousin, the perverse t-structure on torsion or ℓ-adic
e´tale sheaves.
Example 3.3.3. Assume T = DMR following conventions of 1.3.2(1) or (2). Let S be a regular
scheme with dimension function δ = − codimS .
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We consider the δ-homotopy t-structure on DMδ−eff (S,R). This means in particular that we
restrict to the Z−-graded part of fiber δ-homology. Applying Proposition 3.2.7, for any couple of
integer (i, n) ∈ Z× Z−, we get:
Hˆδ−effi (1S)(x, n) ≃ H
−i,{n}
M (E,R) =
{
R if i = 0, n = 0
0 otherwise.
In other words, Hˆδ−eff0 (1S) = R as a graded abelian group concentrated in degree 0, and if i 6= 0,
Hˆδi (1S) = 0 .
Thus, the constant motive 1S is concentrated in degree 0 for the effective δ-homotopy t-structure
– the case of a (perfect) field was already well known thanks to Example 2.3.13.
This indicates that the δ-homotopy t-structure is better behaved (with respect to bounds) on
δ-effective motives over nonsingular schemes. Actually, we expect that the δ-homology of any
constructible (i.e. compact) δ-effective motive over S is bounded (see in particular Prop. 4.4.15)
but this is a deep conjecture. Indeed, already in the case where S is the spectrum of a perfect field
k, the Suslin complex Csing∗ (Z
tr(X)) of a smooth k-scheme X is not known to be bounded though
it is believed its homology sheaves vanish in degree greater than 2 dim(X) — see in particular a
conjecture of Morel [Mor05, Conjecture 11] without transfers.32
Remark 3.3.4. The preceding example cannot be generalized to the singular case. Let us consider
its notations and assumptions.
Let us take a field k, δ being the Krull dimension function on Spec(k). We look at the example
where S is an algebraic k-scheme which is the union two copies of the affine line D1 and D2
crossing in a single rational point s. Consider the canonical closed immersions:
s
k1 //
k2 
k
❍❍
❍❍
$$❍
❍❍
D1
i1
D2 i2 // S.
Then, using cdh-descent for DM(S,R), we get a distinguished triangle (apply [CD12, 3.3.10] to
the preceding cartesian square):
k∗(1s)[−1]→ 1S → i1∗(1D1)⊕ i2∗(1D2)→ k∗(1s)
where the first map is a boundary, while the other two are obtained by considering the relevant
adjunctions. Applying k! to this triangle, together with the base change formula and the absolute
purity (Corollary 1.3.22) of DMR with respect to k1 and k2, we get the following distinguished
triangle:
1s[−1]→ k
!(1S)→ 1s〈−1〉 ⊕ 1s〈−1〉
(1)
−−→ 1s.
The map labelled (1) corresponds to a cohomology class in H2,1M (s,R)⊕H
2,1
M (s,R) which vanishes
since x is a point. Therefore, the above distinguished triangle splits and gives:
k!(1S) = 1s[−1]⊕ 1s{−1}[−1]⊕ 1s{−1}[−1].
Taking into account formula (3.2.5.a), and Lemma 3.2.4(1)(3), we obtain for any couple of integers
(i, n) ∈ Z× Z−:
Hδ−effi (1S)(s, n) =
{
Z if (i, n) = (−1, 0),
0 otherwise.
The computation of the fiber δ-homology of the other points, the closed nonsingular points S′(0)
and the two generic points S(0), follows from the previous example, as it can be reduced to the
32Beware however the conjecture of Morel does not imply the analogous conjecture for sheaves with transfers
as the functor “adding transfers” γ∗ is not right exact for the homotopy t-structure.
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case of a regular base. In the end we obtain the following computation:
Hδ−effi (1S)(x, n) =

Z if
(
x = s and (i, n) = (−1, 0)
)
or
(
x ∈ S(0) and (i, n) = (0, 0)
)
or
(
x ∈ S′(0) and (i, n) = (1,−1)
)
,
κ(x)× if x ∈ S′(0) and (i, n) = (1, 0),
0 otherwise.
Thus the motive 1S has t
eff
δ -amplitude [−1, 1] exactly.
However, it is easy using a stratification by regular locus to show that for any noetherian
excellent scheme, 1S has finite t
eff
δ -homological amplitude. In particular, it is reasonable to expect
that the conjectural boundedness stated in the end of the preceding example happens also in the
singular case.
Let us go back to corollaries of the preceding theorem.
Corollary 3.3.5. Suppose that the hypothesis of the preceding theorem are fulfilled and let (S, δ)
be a dimensional scheme. Then for any T -spectrum E over S, we get the following equivalent
conditions where the left hand side conditions refer to the δ-homotopy t-structure:
(1) E ≥ 0 if and only if for all separated S-scheme X, EBMp,{∗}(X/S) = 0 when p < δ−(X).
(2) E ≤ 0 if and only if for all separated S-scheme X, EBMp,{∗}(X/S) = 0 when p > δ+(X).
Moreover, these equivalent conditions remain true when one replaces separated S-schemes by es-
sentially separated S-schemes.
Proof. This is a straightforward consequence of the preceding theorem together with the δ-niveau
spectral sequence under the form (3.2.9.b). 
In the δ-effective case, we need to be more precise about the Gm-gradings.
Corollary 3.3.6. Suppose that the hypothesis of the preceding theorem are fulfilled and let (S, δ)
be a dimensional scheme. Then for any δ-effective T -spectrum E over S, we get the following
equivalent conditions where the left hand side conditions refer to the δ-homotopy t-structure on
T δ−eff (S):
(1) E ≥ 0⇔ for all separated S-scheme X, EBMp,{n}(X/S) = 0 when p < δ−(X) and n > δ+(X).
(2) E ≤ 0⇔ for all separated S-scheme X, EBMp,{n}(X/S) = 0 when p > δ+(X) and n < δ−(X).
Moreover, these equivalent conditions remain true when one replaces separated S-schemes by es-
sentially separated S-schemes.
Again, use the preceding theorem together with the δ-niveau spectral sequence but under the
form (3.2.9.a).
Corollary 3.3.7. Suppose that the hypothesis of the preceding theorem are fulfilled and let (S, δ)
be a dimensional scheme.
(1) The t-structure tδ (resp. t
eff
δ ) is non-degenerate.
(2) The functor w : T (S)→ T δ−eff (S) of Proposition 2.2.4(1) is tδ-exact.
(3) The composite functor (−−1) : T δ−eff (S)
{−1}
→ T δ−eff (S)(−1)
w′
→ T δ−eff (S) (see the
aforementioned proposition) is teffδ -exact.
(4) For any separated morphism f : T → S, the functor f ! is tδ-exact.
(5) For any morphism f : X → S such that dim(f) ≤ d, the functor f∗ has tδ-amplitude [0, d].
Proof. Assertion (1) follows from the previous theorem combined with Proposition 3.2.10.
Assertion (2) follows from the previous theorem given that for any T -spectrum E over S an
easy computation gives:
Hˆδ−effi
(
w(E)
)
= Hˆδi
(
E
)
|Pt(S)×Z− .
Similarly, for any effective E over S if we denote (essentially following [VSF00, §3.3.1]) −−1(E) by
E−1, then we have
(E−1)
BM
δ(x)+p,〈δ(x)−n〉(x/S) = E
BM
δ(x)+p,〈δ(x)−n+1〉(x/S)
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for any (x, n) ∈ Pt(S)× Z−. This easily yields assertion (3).
Assertion (4) obviously follows from the previous theorem along with relation (3.2.5.a).
Let us prove assertion (5). In view of Proposition 2.1.6(3), one needs only to prove that f∗
preserves tδ-positive spectra. Let E be such a spectrum over X . A direct computation gives, for
any point s ∈ S(E):
Hˆδi (f∗E)(s, ∗) = Eˆ
BM
δ(s)+i,{δ(s)−∗}(Xs/X)
where Xs denotes the fiber of f at the point s – i.e. the pullback of the S-scheme X along the
morphism s – seen as an essentially separated scheme over X . Then the required vanishing easily
follows from the preceding corollary. 
3.3.8. To state the next result, we need the following definition taken from [BBD82, 2.2.12]. Let
S be a scheme and x ∈ S a set-theoretic point of S, with inclusion ix. Then ix can be factorized
as x
j
−→ x¯
i
−→ S, where x¯ is the reduced closure of x in S and we put:
i!x = j
∗i!.
Corollary 3.3.9. Suppose that the assumptions of the previous theorem are fulfilled and that the
motivic triangulated category T is continuous (see Paragraph 1.3.19). Let (S, δ) be a dimensional
scheme.
(1) For any set-theoretic point x ∈ S, the functor i!x defined above is tδ-exact. Moreover, for
any T -spectrum E over S and any finitely generated field extension K of the residue field
of x, with corresponding point xK ∈ S(K), one has:
(3.3.9.a) Hˆδ∗
(
i!xE
)
(K, ∗) = Hˆδ∗ (E)(xK , ∗).
(2) The family of tδ-exact functors i
!
x : T (X) → T (x) indexed by set-theoretic points x ∈ S
respects and detects tδ-positive and tδ-negative spectra.
Proof. Given the previous theorem, the only thing to prove is relation (3.3.9.a). Obviously, we
can restrict to Hˆδ0 (−, 0). By definition of i
!
x and point (4) of the previous corollary, we can assume
S is irreducible and x is the generic point of S. Let us denote by k the residue field of x. With
the notations of the paragraph preceding the proof, we thus have i!x = j
∗. We want to prove there
exists an isomorphism of the form:
ψ : HomT (x)(Mˆ
BM (K/k), j∗E) ≃ HomT (S)(Mˆ
BM (xK),E).
Given any S-model X of xK (cf. Definition 3.2.1), it is clear that Xk := X ×S k is a k-model of
K. Moreover, it is clear that the corresponding functor M (xK) → M (K/k), X 7→ Xk is final.
Therefore, one gets the following computation of the left hand side of ψ:
HomT (x)(Mˆ
BM (K/k), h∗E) = lim−→
X∈M (xK)
HomT (x)(M
BM (Xk/k), h
∗
E).
On the other hand, given any S-model X of xK , we get by using the continuity property of T
and [CD12, Prop. 4.3.4]:
HomT (x)(M
BM (Xk/k), j
∗
E) = lim
−→
U⊂S
HomT (x)(M
BM (XU/U), j
∗
UE)
= lim
−→
U⊂S
HomT (x)(M
BM (XU/S),E)
where U runs over the non-empty open subschemes of S, XU = X ×S U and jU : U → S is the
obvious open immersion.
The result follows from this last computation, and from the definition of MˆBM (xK) (in partic-
ular Lemma 3.1.11). 
Let us finish with the following easy but useful corollary.
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Corollary 3.3.10. Let us assume that the hypothesis of the preceding theorem are fulfilled. Let
(S, δ) be a dimensional scheme.
Then for any T -spectrum E over S, and any point x of S, the truncation functors for the
δ-homotopy t-structure induce a canonical isomorphism:
HomT (S)(Mˆ
BM (x)〈δ(x)〉,E) ≃ HomT (S)(Mˆ
BM (x)〈δ(x)〉, H0(E)).
This is another way of saying that Hˆδ0 (E) ≃ Hˆ
δ
0
(
H0(E)
)
which follows immediately from the
preceding theorem.
3.4. On Gersten-type weight structures. In this section we only indicate the relation of ho-
motopy t-structures to the so-called Gersten weight structures (avoiding giving precise definitions).
So, recall that Gersten weight structures were constructed in [Bon10a] for motives over a count-
able perfect field, and in [Bon15] for ”arbitrary” motivic categories over an arbitrary perfect field
(see §6 of ibid. and note that in these two papers ”opposite conventions on signs on weights” were
used; see Remark 2.1.2(3) of ibid.). Now, weight structures are (very roughly) ”orthogonals” to
t-structures, and so the main property of the aforementioned Gersten weight structures is that
they are orthogonal to the corresponding homotopy t-structures (see Definition 2.4.1, Proposition
4.4.1, and Theorem 6.1.2(II.6) of ibid., noting that in ibid. the ”cohomological convention” for
t-structures was used).
Another (more or less, equivalent) form of the main property of Gersten weight structures
(both for the ones from [Bon15] and for the ”relative” ones that we will discuss here) is that
their hearts should be generated by MBM (x/S){n}[δ(x)] for x running through the (spectra of)
fields over the corresponding base scheme S. The problem is that we don’t have any ”reason-
able” MBM (x/S) inside C whenever x is not of finite type over S; so that one has to consider
a certain triangulated ”homotopy completion” of C . Thus one has to treat some model for C ,
and construct a certain triangulated category C ′ of pro-spectra using this model. Next, there
is a functor C ′ → Pro−C , but it is far from being a full embedding; so one has to over-
come certain difficulties when computing C ′-morphism groups. Note here that one requires
the morphism group HomC ′(M
BM (x/S){n}[δ(x) − δ(x′) + i],MBM (x′/S)) to be zero for any
x, x′ ∈ Pt(S) and i < 0 (this is a certain Gersten weight structure substitute of the vanishing of
Hδi
(
MBM (Y/S)〈δ(Y )〉{m}
)
(x, n) whenever n ∈ I, x ∈ Pt(S), and Y is a proper regular S-scheme,
cf. the proof of Theorem 3.3.1).
There currently exist two distinct methods for proving this C ′-orthogonality result. The first
one (applied in [Bon10a]) uses the properties of countable homotopy limits. It can be carried over
to the ”relative context” more or less easily; so one obtains the existence and basic properties of
Gersten weight structures whenever the corresponding S possesses a Zariski cover by spectra of
(at most) countable rings. Yet one can probably get rid of this restriction by using the methods
of [Bon15] instead.
The existence of such a weight structure would allow to define a certain ”generalized (δ-
co)niveau spectral sequence” for the H-cohomology of any constructible object of C (where H is
a cohomological functor from C into an AB5-abelian category) and to prove the C -functoriality
of these spectral sequences (as well as the corresponding filtrations) starting from E2 (cf. [Bon15,
§4.3]). Besides, if H is C -representable then this spectral sequence (for the H-cohomology of
any constructible c) is naturally isomorphic to the one coming from the tδ-truncations of c (cf.
Corollary 4.4.3 of ibid.).
An interesting problem related to the ”relative” Gersten weight structures is the construction
of connecting functors between the corresponding T ′(X) for X running through S . The tδ-
exactness statements of Corollary 3.3.5 (parts 4 and 5) should correspond to the ”dual” Gersten-
weight-exactness properties of the ”pro-spectral versions” of f∗ and f!.
4. On δ-homotopy hearts
4.0.1. Theorem 3.3.1 is the central result in the applications of the δ-homotopy t-structure. So
we will isolate its assumptions and call (good) the conjunction of the assumptions (a) (vanishing
of certain Borel-Moore homology groups) and (b) (suitable resolution of singularities).
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4.1. Definition and functoriality properties. We will adopt the following notations.
Definition 4.1.1. Let T be a motivic triangulated category satisfying our general conventions
and (S, δ) be a dimensional scheme.
We will denote by Πδ(S,T ) (resp. Πδ-eff (S,T )) the heart of the δ-homotopy t-structure on
T (S) (resp. T δ−eff (S)). Objects of Πδ(S, T ) (resp. Πδ-eff (S,T )) will be called δ-homotopy
modules (resp. effective δ-homotopy modules) with coefficients in T .
When R is a ring of coefficients using the conventions of Paragraph 1.3.2, we simply put:
Πδ(S,R) := Πδ(S,DMR), Π
δ-eff (S,R) := Πδ-eff (S,DMR),
Π˜δ(S,R) := Πδ
(
S,DA1,R
)
, Π˜δ-eff (S,R) := Πδ-eff
(
S,DA1,R
)
.
In the followings, we will simply denote by Hi the homology functor H
δ
i (resp. H
δ−eff
i ).
Example 4.1.2. Let S = Spec(k) be the spectrum of a perfect field with characteristic exponent
p, δ be the canonical dimension function on S and R a ring of coefficients such that p ∈ R×.
According to Examples 2.3.5 and 2.3.13, we get the following description of the above categories:
• the category Πδ-eff (k,R) is equivalent to the category of homotopy invariant sheaves with
transfers and coefficients in R defined by Voevodsky in [VSF00, chap. 5] – and denoted
by HI(k)⊗Z R;
• the category Πδ(k,R) is equivalent to the category of homotopy modules (with transfers)
and coefficients in R of [De´g11, 1.17];
• the category Π˜δ(k,R) is equivalent to the category of (generalized) homotopy modules with
coefficients in R defined by Morel (see [De´g13, 1.2.2]).
Besides, using results of Suslin as explained in Remark 2.3.14, the first two points are valid even
when k is not perfect.
4.1.3. Basic properties. Recall that the category of δ-homotopy modules and its effective variant
do not depend on the choice of the dimension function δ on S up to a canonical equivalence of
categories (see 2.1.4 and 2.2.16).
Moreover, using the adjunction of t-categories (2.2.15.a), we obtain an adjunction of abelian
categories:
H0(s) : Π
δ-eff (S,T )⇆ Πδ(S,T ) : H0(w).
Let us assume that (good) is satisfied. Then according to point (2) of Corollary 3.3.7, the functor
H0(w) = w is exact. Moreover, because the functor s : T
δ−eff (S) → T (S) is fully faithful
and its right adjoint w is tδ-exact, we get that H0(s) is fully faithful. Thus Π
δ-eff (S,T ) is a full
subcategory of Πδ(S,T ); beware however it is not stable by kernel.
The categories Πδ(S,T ) and Πδ-eff (S,T ) are abelian categories with exact small coproducts
(see Remark 1.2.8). In fact, we will prove in Theorem 4.2.12 that under assumption (good), they
are Grothendieck abelian categories and exhibit an explicit family of generators. According to
Remark 2.2.16(4) (resp. Cor. 2.1.11), the category Πδ(S,T ) (resp. Πδ-eff (S,T )) is stable by the
functor
(
MThS(v)[−r] ⊗−
)
(resp.
(
MThS(E)[−r] ⊗−
)
) for v a virtual vector bundle (resp. E
a vector bundle) over S of rank r.
Definition 4.1.4. For any δ-homotopy module F of Πδ(S,T ) (resp. of Πδ-eff (S,T )) and any
virtual vector bundle v (resp. vector space E) of rank r over S, we put:
F{v} := F⊗MThS(v)[−r] resp. F{E} := F⊗MThS(E)[−r].
Note that if v (resp. E) is trivial of rank r, we get F{v} = F{r} (resp. F{E} = F{r}) and
this new notation is coherent with the notation for twists in the present paper. Note also that the
endo-functor (−{v}) of Πδ(S,T ) (resp. (−{E}) of Πδ-eff (S,T )) is an equivalence of categories
(resp. right exact and fully faithful).
4.1.5. Functoriality. Let f : T → S be a morphism such that dim(f) ≤ d. Then according to
point (3) of Proposition 2.1.6, we get an adjunction of abelian categories:
H−df
∗ : Πδ(S,T )⇆ Πδ(T,T ) : Hdf∗
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and according to Paragraph 2.2.17, the right exact functor H−df
∗{−d} preserves effective ob-
jects (images of effective δ-homotopy modules). In particular, when f is quasi-finite, we get an
adjunction:
H0f
∗ : Πδ(S,T )⇆ Πδ(T,T ) : H0f∗,
and the functor H0f
∗ preserves effective objects. Moreover, we get better properties in the fol-
lowing two cases, using the notation of the previous definition:
• when f is e´tale, the functor H0f∗ = f∗ is exact and acts on the homology of Borel-Moore
motives as:
f∗Hi
(
MBM (X/S)
)
{n} = Hi
(
MBM (X ×S T/T )
)
{n};
• when f is finite, the functor H0f∗ = f∗ is exact and acts the homology of Borel-Moore
motives as:
f∗Hi
(
MBM (Y/T )
)
{n} = Hi
(
MBM (Y/S)
)
{n}.
Assume now that f is separated. Then applying point (1) of Proposition 2.1.6, we get an
adjunction of abelian categories:
H0f! : Π
δ(T,T )⇆ Πδ(S,T ) : H0f
!
and according to Paragraph 2.2.17, the functor H0f! preserves effective objects. Moreover, we get
the following additional informations:
• when f is smooth (resp. under assumption (good)), the functor H0f ! = f ! is exact and
acts on the homology of Borel-Moore motives (resp. assuming X/S is proper) as:
f !Hi
(
MBM (X/S)
)
{n} = Hi
(
MBM (X ×S T/T )
)
{n}.
One gets a shadow of the 6 functors formalism. For example, if f is finite, H0f! = H0f∗.
Moreover one easily gets the following result (from the 6 functors formalism satisfied by T ).
Proposition 4.1.6. Consider a cartesian square of schemes:
Y
g //
q 
X
p
T
f // S
such that p is separated and dim(f) ≤ d. Then dim(g) ≤ d and we get a canonical isomorphism
of functors:
H−df
∗ ◦H0p!
∼
−−→ H0q! ◦H−dg
∗
Hdp∗ ◦H0f
! ∼−−→ H0g
! ◦Hdq∗.
Proof. According to the 6 functors formalism (cf. [CD12, 2.4.50]), one gets for any object F of
Πδ(S, ;T ) the isomorphisms f∗g!(F)[d]
∼
−→ q!g∗(F)[d]. The first isomorphism of the proposition
is obtained by applying the functor τ≤0 to the previous isomorphisms and by using the fact the
functors f∗[d], g! are all right tδ-exact. The second isomorphism of the statement follows by
adjunction. 
Remark 4.1.7. (1) Considering a cartesian square as in the proposition, one can derive several
relations analogous to the previous ones. For example:
• if f is e´tale, then for any integer i ∈ Z, we get an isomorphism: f∗ ◦Hip! ≃ Hiq! ◦ g∗;
• If f is smooth or under assumption (good), then for any integer i ∈ Z, we get and
isomorphism of functors: Hip∗ ◦ f ! ≃ g! ◦Hiq∗.
(2) All these isomorphisms satisfy the usual compatibilities with respect to compositions (see
[CD12, Rem. 1.1.7] for example).
4.1.8. Monoidal structures. Assume the dimension function δ on S is non-negative.
Then the tensor product ⊗ is right tδ-exact (Proposition 2.1.6) and thus induces a closed
monoidal structure ⊗δ on Πδ(S,T ) such that for any F,G, one has:
F⊗δS G := H
δ
0 (F⊗S G).
It follows from Paragraph 2.2.17 that this tensor product preserves effective objects.
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We will also denote by Homδ the internal Hom with respect to this tensor structure. It is given
by the following formula:
HomδS(F,G) = H
δ
0 HomS(F,G).
Recall that changing δ only changes Πδ(S,T ) up to a canonical equivalence of categories. But
the equivalence of categories involved here will not be monoidal. In particular, the monoidal
structure on Πδ(S,T ) depends on the choice of δ ≥ 0.
Using again the six functors formalism, one gets the following formulas.
Proposition 4.1.9. Assume (S, δ) is a dimensional scheme such that δ ≥ 0. Let f : T → S be a
quasi-finite and separated morphism. Then for δ-homotopy modules F ∈ Πδ(T,T ), G ∈ Πδ(S,T )
one has a functorial isomorphism:
H0f!
(
F⊗δS H0f
∗(G)
) ∼
−→ H0f!(F)⊗
δ
T G
The proof is the same as the proof of the previous proposition.
Remark 4.1.10. If f is not quasi-finite, but we have an integer d > 0 such that dim(f) ≤ d, we
obtain thatH0f!(F⊗δSH−df
∗(G)) = 0 because for any δ-homotopy module F over S, H−df!(F) = 0.
The most important fact about the 6 functors formalism and δ-homotopy modules comes from
the gluing property of the δ-homotopy t-structure (cf. Corollaries 2.1.9 and 2.2.18).
Proposition 4.1.11. Let (S, δ) be a dimensional scheme and i : Z → S be a closed immersion
with complementary open immersion j : U → S. We denote by δ the induced dimension function
on Z and U .
Then δ-homotopy modules satisfy the gluing formalism:
Πδ(U,T )
H0j! //
H0j∗
// Πδ(X,T )j∗oo
H0i
∗
//
H0i
!
// Πδ(Z,T )i∗oo
such that Πδ(Z, T ) is a quotient of the abelian category Πδ(X,T ) by the thick abelian subcategory
Πδ(U,T ). Under (good), one has an isomorphism of functors H0i
! = i!, which both are exact.
Moreover all the above 6 functors preserve effective objects.
For any δ-homotopy module F over X, one has exact sequences:
0 −→ H0j!j
∗(F) −→F −→ i∗H0i
∗(F) −→ 0,
0 −→ i∗H0i
!(F) −→F −→ H0j∗j
∗(F) −→ 0.
In particular, δ-homotopy modules over a scheme are determined by their restrictions to a closed
subscheme and to its open complement. From Corollary 3.3.9, we get the following stronger form.
Proposition 4.1.12. Suppose assumpion (good) is fulfilled and T is continuous ([CD12, 4.3.2]).
Let S be a scheme.
(1) For any set-theoretic point x ∈ S, the functor i!x of Paragraph 3.3.8 induces an exact
functor
i!x : Π
δ(S)→ Πδ(x)
which commutes with colimits, preserves δ-effective modules and acts on the homology of
Borel-Moore motives, for X/S proper, as:
i!xHi
(
MBM (X/S)
)
{n} = Hi
(
MBM (Xx/x)
)
{n}.
(2) The family of functors i!x : Π
δ(S)→ Πδ(x) for x ∈ S is conservative.
Proof. The only assertion which requires an argument at this point is the fact i!x commutes with
colimits. As it is exact, it is enough to show it commutes with coproducts. Going back to the
definition (Paragraph 3.3.8), it is enough to remark that for any closed immersion, the functor i!
commutes with coproducts. This is in fact a consequence of the assumption that T is compactly
generated by its Tate twists and from the localization triangle. 
We end up this section with the following additional proposition, which follows directly from
2.1.16.
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Proposition 4.1.13. Assume the triangulated motivic category is semi-separated (see [CD12,
2.1.7] or footnote number 20 page 22).
Then for any finite surjective radicial morphism f : T → S the functor f∗ : T (S) → T (T )
induces an equivalence of abelian categories:
f∗ : Πδ(S,T )→ Πδ(T,T ).
Moreover, the same is true for effective δ-homotopy modules.
Recall in particular from Example 2.1.17 that this can be applied to the categories Πδ(−, R)
and Πδ-eff (−, R) when R is a ring and we consider conventions (1) or (2) of Paragraph 1.3.2.
4.2. Fiber functors and generators. The preceding proposition can also be restated using the
following definition, which mimick the notion of fiber functors for sheaves:
Definition 4.2.1. Consider the notation of Definition 4.1.1. Let F be an object of Πδ(S,T )
(resp. Πδ-eff (S,T )). For any point x ∈ S(E) and any integer n ∈ Z (resp. n ≤ 0), we define the
fiber of F at the point (x, n) as the following abelian group:
Fˆ
δ
n(x) := Hˆ
δ
0 (F)(x, n)
using the notation of Definition 3.2.3. When δ is clear, we will simply put: Fˆ∗ = Fˆ
δ
∗ .
In particular one can see Fˆ∗ as a graded functor on the discrete category Pt(S) of points of
S. As a consequence of the main theorem 3.3.1, together with Lemma 3.2.4, we get the following
important result (compare with [VSF00, chap. 3, 4.20]).
Proposition 4.2.2. Assume that (good) is satisfied (Par. 4.0.1). Then the functors:
Πδ(S,T ) −→ ̂Pt(S)× Z
Πδ-eff (S,T ) −→ ̂Pt(S)× Z−
}
,F 7→ Fˆ∗
are conservative, exact and commute with colimits.
In other words, the objects of Pt(S) × Z (resp. Pt(S) × Z−) defines a conservative family of
points for δ-homotopy modules (resp. effective δ-homotopy modules).
Remark 4.2.3. Consider the assumptions of the preceding proposition.
(1) According to relation (3.2.5.a), we obtain for any separated morphism f : T → S, any
δ-homotopy module F over S and any point x in T (E):
f̂ !F∗(x) = Fˆ∗(f ◦ x).
Moreover, when f is smooth, if one defines δ˜f = δf − dim(f), we deduce from (3.2.5.b)
the following relation:
f̂∗F
δ˜f
∗ (x) = Fˆ
δ
∗(f ◦ x).
Note that in the case T = DMR, this relation is also valid for f essentially quasi-projective
between regular schemes (see Remark 3.2.5).
(2) In a work in preparation, we will show that, when T = DMR or T =MGL−mod, Fˆ∗ can
be equipped with a rich functoriality, that of a cycle module over S following the definition
of Rost. It will be called the Rost transform of F along the lines of [De´g11].
Recall from Remark 1.2.8 that the abelian categories Πδ(S,T ) and Πδ-eff (S,T ) admit colimits.
A nice application of the previous theorem is the following corollary.
Corollary 4.2.4. Under assumption (good) of Paragraph 4.0.1, filtered colimits are exact in the
abelian categories Πδ(S,T ), Πδ-eff (S,T ).
Proof. According to the preceding theorem, we reduce to prove the corresponding fact for cate-
gories of presheaves of abelian groups, respectively over Pt(S) × Z and Pt(S) × Z−. This later
fact is well known. 
Let us introduce some useful definition.
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Definition 4.2.5. Let T be a motivic triangulated category and (S, δ) be a dimensional scheme.
Let X be a separated S-scheme, and (Xi)i∈I the family of its connected components. We put:
hδ0(X/S) = ⊕i∈IH0
(
(MBM (Xi/S)〈δ(Xi)〉
)
.
Remark 4.2.6. Note that it follows from this definition and 3.2.3 that one can compute the fiber
of a δ-homotopy module F at a point (x, n) in Pt(S)× Z as follows:
Fˆ
δ
n(x) = lim−→
X∈M (x)op
HomΠδ(S,T )
(
hδ0(X/S){−n},F
)
.
Of course the same assertion holds in the effective case, assuming n ≥ 0.
Example 4.2.7. Assume T is oriented, S is universally catenary and integral, and δ = − codimS
(Ex. 1.1.5). Then for any smooth S-scheme X , hδ0(X/S) = H0(MS(X)) – apply 1.3.8(BM4) as in
Example 2.1.10.
4.2.8. Functoriality properties. Because of the functoriality properties of Borel-Moore T -spectra
(BM1) and (BM2), we obtain that the δ-homotopy module hδ0(X/S) is covariant with respect to
proper morphisms, and contravariant with respect to smooth morphisms, of separated S-schemes.
Note in particular that, because of our choice of definition and Proposition 1.1.12(3), there is no
twist in the contravariant functoriality.
These functoriality properties correspond to the following formulas with respect to the functo-
riality of the category Πδ(S,T ) (see Paragraph 4.1.5):
• For any equidimensional morphism f : T → S of relative dimension d and any proper
S-scheme X , we get: H−df
∗
(
hδ0(X/S){n}
)
= hδ0(X ×S T/T ){n+ d}.
• For any proper morphism f : T → S and any separated T -scheme Y , we get:
H0f∗
(
hδ0(Y/T )
)
= hδ0(Y/S).
Note the first assertion follows from the base change formula and point (3) of Proposition 1.1.12.
The second assertion is obvious.
Example 4.2.9. The definition above has been chosen to meet that of [De´g08a, (1.18.a)]. Consider
the motivic category T = DMR under the conventions of point (1) or point (2) of Paragraph
1.3.2.
(1) When S = Spec(k) is the spectrum of a perfect field equipped with the obvious dimension
function, then through the equivalence of categories of Example 2.3.5(1), the δ-homotopy
module hδ0(X/k) for X a smooth k-scheme corresponds to the homotopy module h0,∗(X)
of [De´g08a, (1.18.a)].
(2) Let X be a regular and proper S-scheme. Then for any point x of S, one gets the following
computation:
̂hδ0(X/S)(x, 0) = HomDM(S,R)
(
MˆBM (x)〈δ(x)〉, H0M
BM (X/S)〈δ(X)〉
)
(1)
= HomDM(S,R)
(
MˆBM (x)〈δ(x)〉,MBM (X/S)〈δ(X)〉
)
(2)
= HomDM(S,R)
(
MˆBM (Xx/X)〈δ(x)− δ(X)〉,1X
)
(3)
= CHdim=0(Xx)⊗Z R,
where dim is the Krull dimension function on Xx. Indeed, (1) follows from Corollary
3.3.10, (2) from the base change formula and because X/S is proper, (3) from Proposition
3.1.7 because X is regular.
Actually, (2) is a generalization of [De´g11, §3.8]. It also enlightens the functoriality properties of
hδ0(X/S).
Recall that in any category C , an object X is called compact if the functor HomC (X,−)
commutes with coproducts.
Proposition 4.2.10. Consider the notations of the previous definition and suppose (good) is
satisfied.
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(1) For any separated S-scheme X and any integer n ∈ Z, the δ-homotopy module hδ0(X/S){n}
is compact.
(2) Under assumption (good), the family of δ-homotopy modules hδ0(X/S){n} for X/S of finite
type, X an affine regular scheme and n ∈ Z (resp. n = 0) generates the abelian category
Πδ(S,T ) (resp. Πδ-eff (S,T )).
Proof. Assertion (1) follows easily from the fact MBM (X/S)〈δ(X)〉{n} is tδ-non-negative and
compact in the category T (S).
Consider assertion (2). We first remark that for any separated S-scheme X and any integer
n ≥ 0, one has:
hδ0(X/S){n} = h
δ
0
(
X ×Gnm/S
)
/⊕ni=1 h
δ
0
(
X ×Gn−1m /S
)
.
Thus, in the δ-effective case, we can consider all integers n ≥ 0 in the description of the generators.
We have to prove that for any non zero map h : M → N in T ♥, there exists a map f :
hδ0(X/S){n} →M for n ∈ Z (resp. n ≥ 0) such that h ◦ f is non zero. According to Proposition
4.2.2, there exist a point x ∈ S(E) and an integer m ∈ Z (resp. m ≤ 0) such that the induced
functor
Mˆ δm(x)
h∗−→ Nˆ δm(x)
is non zero. According to the computation of Remark 4.2.6, one deduces that there exists an
S-model X of the point x (recall Definition 3.2.1) such that the following map is non zero:
Hom
(
hδ0(X/S){−m},M
) h∗−→ Hom (hδ0(X/S){−m}, N).
This concludes. 
Remark 4.2.11. Apart from being compact, one can introduce the following conditions of finiteness
on a δ-homotopy module M over S (compare with [De´g11, 6.6, 6.7]):
• finitely generated if any sum of subobjects of M must be a finite sum;33
• pseudo-finitely generated if it is a quotient of a δ-homotopy module of the form hδ0(X/S){n}
for X/S of finite type X , X affine and regular and n ∈ Z;
• tδ-constructible (resp. strongly tδ-constructible) if it belongs to the smallest abelian thick
subcategory of Πδ(S,T ) which contains objects of the form hδ0(X/S){n} for X/S of finite
type X , X affine and regular and n ∈ Z (resp. it is of the form H0(E) for a constructible
T -spectrum E over S).
Given the preceding proposition, it is an exercise in abelian categories to show the following
implications:
finitely generated⇒ pseudo-finitely generated⇒ compact and tδ-constructible,
but other implications are unclear.
Let us state explicitly the following important result obtained by putting together the preceding
proposition and the above corollary.
Theorem 4.2.12. Suppose that assumption (good) of Paragraph 4.0.1 is satisfied.
Then the abelian category Πδ(S,T ) (resp. Πδ-eff (S,T )) is a Grothedieck abelian category with
compact generators hδ0(X/S){n} (see Definition 4.2.5) for X/S of finite type, X affine and regular
and n ∈ Z (resp. n = 0).
4.3. Comparison between δ-homotopy hearts. As a generalization of Example 2.3.5, we get
the following result:
Theorem 4.3.1. Let R be a ring and assume that one of the two following conditions hold:
(a) R is a Q-algebra.
(b) S is the category of Q-schemes.
Use the notation of Example 2.3.3. Then the following assertions hold for any scheme S in S :
33this is standard in abelian categories; it amounts to ask that any map ⊕i∈INi →M factors as ⊕i∈I0Ni → M ,
where I0 is a finite subset of I;
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(1) assume R = Q (resp. R = Z) under assumption (a) (resp. assumption (b)). Then the
adjunction of abelian categories:
H0δ
∗ : (SH(S)⊗Z R)
♥
⇆ Π˜δ(S,R) : δ∗
is an equivalence, compatible with the monoidal structure if δ ≥ 0.
(2) The exact functor
γ∗ : Π
δ(S,R)→ Π˜δ(S,R)
is fully faithful and its essential image is equivalent to the category of generalized δ-
homotopy modules with trivial action of η (see Paragraph 2.3.6).
Proof. When R is a Q-algebra, each point is a consequence of the stronger statement that it is
already true for the full triangulated motivic categories involved: see [CD12, 5.3.35] for point (1)
and [CD12, 16.2.13] for point (2).
So we restrict to the case of assumption (b). For each point, we will use Proposition 4.1.12.
First, let us remark that the functor φ = δ∗ (resp. φ = γ∗) commutes with functors i
!
x for any
set-theoretic point x ∈ S. By definition of i!x, this boils down to the fact φ commutes with j
∗
where j is a pro-open immersion. One can check easily this follows from the continuity property
of the triangulated motivic categories involved and the fact it is true when j is open.
Secondly, Corollary 2.4.14 shows that the functors H0δ
∗ and H0γ
∗ commutes with i!x.
Then we can prove point (1). We need to prove that the two adjunction maps H0δ
∗δ∗ → Id
and Id → δ∗H0δ
∗ are isomorphisms over the base scheme S. But using Proposition 4.1.12, we
only need to check that after applying the functor i!x for any point x ∈ S. Thus we are restricted
to the case where S is the spectrum of a field of characteristic 0 which follows from Proposition
2.3.7.
Finally, we remark that the fact η acts trivially on a homotopy module E is preserved by any
functor i!x and detected by the family of functors i
!
x for a set-theoretic point x in S. In fact, the
functor i!x commutes with Gm-twists; this follows from the fact Gm is ⊗-invertible in SH(S) and
from the formula:
i!xHom(Gm, E) ≃ Hom(i
∗
xGm, i
!
xE) = Hom(Gm, i
!
xE);
see [CD12, 2.4.50]. Then one has only to remark that the following diagram is commutative in
SH(κ(x)):
i!x(Gm ⊗ E)
i!x
(
γEη
)
// i!x(E)
Gm ⊗ i!x(E)
γ
i!xE
η //
∼
OO
i!x(E)
where γ?η is the map representing multiplication by η
Let us denote by Π˜δ(S,R)/η the full subcategory of Π˜δ(S,R) consisting of those objects E
such that η acts trivially on E (see Paragraph 2.3.6). According to the preceding subsection and
Proposition 4.1.12, the family of functors i!x for a point x ∈ X induces a conservative family of
functors Π˜δ(S,R)/η → Π˜δ(x,R)/η.
Since any object E of DM(S,R) defines an orientable cohomology theory, the Hopf map η acts
trivially on E. This implies that the image of Πδ(S,R) by the map γ∗ lies in Π˜
δ(S,R)/η and
therefore we get an adjunction of abelian categories:
H0γ
∗ : Π˜δ(S,R)/η ⇆ Πδ(S,R) : γ∗.
We need to prove that these are equivalences of categories. Now, applying the conservative family
of functors i!x for any point x ∈ S, we can assume that S is the spectrum of a field of characteristic
0. This is Proposition 2.3.7. 
Remark 4.3.2. What is missing to deal with the case of fields of positive characteristic p in the
preceding theorem is the fact that the triangulated motivic category SH[1/p] is semi-separated (see
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footnote 20 page 22 for the definition). Indeed, this fact will immediately imply that Proposition
2.3.7 can be generalized to arbitrary fields, up to inverting p.
Remark 4.3.3. We can also describe the heart of the triangulated motivic categoryMGL−mod[1/p]
of MGL-modules when S is the category of F -schemes for a prime field F of characteristic
exponent p. Here are the main steps: first, using the premotivic adjunction of remark 1.3.4, we
obtain for any dimensional scheme (S, δ) in S an adjunction of abelian categories:
H0λ
∗ :MGL−mod♥ ⇆ Πδ(S,Z[1/p]) : λ∗
such that λ∗ is exact (cf. Corollary 2.3.2). We will prove this adjunction is in fact an equivalence
of categories.
Using Proposition 4.1.12 as in the preceding proof, we restrict to the case where S if the
spectrum of a field k. From Example 2.1.17, we get that the triangulated motivic categories
DMZ[1/p] and MGL−mod[1/p] are semi-separated over S . Using Lemma 2.1.16, we restrict to
the case where k is perfect.
This last case now follows as we can prove that the category on the left hand side is equivalent to
Rost category of cycle modules using the arguments of [De´g12] applied to the categoryMGL−mod
instead of DM. Note in particular that this is possible because the 0-th stable homotopy sheaf of
MGL (that is the 0-th homology group of MGL with respect to Morel’s homotopy t-structure
on SH(k)) can be computed as follows:
π0(MGL)(k) = K
M
∗ (k);
see [Mor04, 6.4.5].
4.4. Examples and computations.
4.4.1. Assume that T is absolutely pure (cf. Definition 1.3.17).
Let S be a regular scheme and x ∈ S a set-theoretic point. Consider the notation of paragraph
3.3.8: x¯ is the reduced closure of x in S. According to our general conventions, S is excellent so
that x¯ is also excellent; thus there exists an open neighbourhood U of x in S such that x¯ ∩ U is
regular. Let us consider the following immersions: x¯
jU
−→ x¯ ∩ U
iU−→ U . Using the absolute purity
property for the closed immersion iU , we get a fundamental class:
ηx,U : MTh(−NU )→ i
!
U (1U )
where NU is the normal bundle of iU . Applying the functor j
∗
U , we get:
ηx : MTh(−Nx)→ j
∗
U i
!
U (1U ) = i
!
x(1X)
where Nx is the normal bundle of x in Spec(OX,x). Since fundamental classes are compatible with
pullbacks along open immersions, this map does not depend on the choice of U ⊂ S.
Recall also that, from the six functor formalism, we get for any T -spectra E, F over S a
canonical map
(4.4.1.a) i∗(E) ⊗ i!(F)→ i!(E⊗ F)
by adjunction from the canonical one:
i!
(
i∗(E)⊗ i!(F))
∼
−→ E⊗ i!i
!(F)
ad(i!,i
!)
−−−−−→ E⊗ F.
Definition 4.4.2. Consider the notations and assumptions above. Let E be a T -spectrum over
S.
For any point x ∈ S, we will say that E is punctually pure at x if the following canonical map:
i∗x(E)⊗MTh(−Nx)
ηx
−→ i∗x(E) ⊗ i
!
x(1S)
(4.4.1.a)
−−−−−→ i!x(E)
is an isomorphism.
On says E is punctually pure if it is punctually pure at all points of S. We will denote by
T pur,x(S) (resp. T pur(S)) the full subcategory of T (S) made by T -spectra which are pure at
x ∈ S (resp. pure).
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Remark 4.4.3. Typical examples of non punctually pure T -spectra are objects in the image of j∗
for an open immersion j : U → S. For example, in the case T = DMQ, if x is the closed point of a
scheme S, of codimension c, U = S−{x}, then i∗xj∗(1U ) = 1x⊕1x(−c)[1−2c] while i
!
xj∗(1U ) = 0.
The following proposition is clear:
Proposition 4.4.4. Consider the assumptions and notations of the preceding definition.
(1) The subcategories T pur,x(S) and T pur(S) are stable under extensions, suspensions, di-
rect factors, and arbitrary coproducts. They are also stable under tensor product by an
invertible object.
(2) The property of being punctually pure is local for the Nisnevich topology on S. If T is
separated for the e´tale topology34 the same is true for the e´tale topology on S.
(3) For any smooth proper S-scheme X, the T -spectraMBM (X/S) andMS(X) are punctually
pure.
Proof. All the assertions in point (1) are clear, except possibly the assertion about coproducts;
it follows from the fact i! commutes with coproducts since the functor i! respects compact (i.e.
constructible under our assumptions) T -spectra according to [CD12, 4.2.9].
Point (2) follows from the fact that fundamental classes are compatible with pullbacks along
e´tale morphisms, and from the fact f∗ is conservative for a Nisnevich cover f (see [CD12, 2.3.8]).
For point (3), in view of 1.3.8(BM4), it is sufficient to consider the case of MBM (X/S). It
follows from the following two facts:
• if one denotes by f the structural morphism of X/S, the functor f! = f∗ commutes with
i!x and i
∗;
• the immersion Xx → X is an essentially closed immersion of regular schemes whose
fundamental class is the pullback of that of ix along the smooth morphism f ; this follows
from [De´g14, 2.4.4] applied to the base change along f of the closed immersion iU which
appears in the definition of i!x in Paragraph 4.4.1.

4.4.5. We now recall the main constructions of [APLH16]. We consider the triangulated motivic
category DMR as in the convention of point (1) of 1.3.2. In particular, R is a Q-algebra.
35
Let cGrpS be the category of smooth commutative group schemes over S and She´t(S,R)
the category of R-linear e´tale sheaves. Given such a group scheme G, we denote by G/S
R
(see
[APLH16, 2.1]) the e´tale sheaf of R-vector spaces on SmS represented by G: for any smooth
S-scheme X , Γ(X,G) = HomS(X,G)⊗Z R.
Let us consider the following composite functor:
M : D(She´t(S,R))
π
−→ Deff
A1,e´t(S,R)
Σ∞
−−→ DA1,e´t(S,R) ≃ DM(S,R)
where the first map is the A1-localization functor to the effective e´tale A1-derived category over S
(see [Ayo07], or [CD12]), Σ∞ is the infinite suspension functor and the last equivalence is Morel’s
theorem as proved in [CD12, 16.2.18]. Note that according to the theory developed in [CD12], M
is in fact the left adjoint of a premotivic adjunction of triangulated categories.
We will denote abusively by G the image of G/S
R
, seen as a complex in degree 0, by this
canonical functor — this is denoted by Meff1 (G/S) in [APLH16, 2.3]. If we assume further that
S is a regular scheme with dimension function δ = − codimS , then it follows from this definition
that G is a δ-effective motive over S.
Let us summarize the basic properties of this construction (see [APLH16, section 2]).
Proposition 4.4.6 (Ancona, Pepin Lehalleur, Huber). Consider the preceding notations. For
any regular scheme S, there exists a canonical functor:
cGrpS → DM(S,R), G 7→ G
34i.e. for any e´tale cover f : T → S, the functor f∗ is conservative; see [CD12, 2.1.5];
35The constructions of loc. cit. are usually done only in the case where the coefficient ring R = Q; yet they can
be carried over to the case of an arbitrary Q-algebra R.
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which is additive and sends exact sequences to distinguished triangles.
4.4.7. We will also use the central construction of [APLH16, D.1]. Let us consider the preceding
notations and describe the construction of loc. cit. in the particular case where we will use it.
For any commutative group scheme G over S, there is a homologically non-negative complex of
rational e´tale sheaves A(G,R) together with a natural quasi-isomorphism of complexes of e´tale
sheaves:
rG : A(G,R)→ G/S
R
such that for any index i, the i-th term A(G,R)i is of the form RS(Hi(G)) where Hi(G) is a finite
coproduct of certain powers of G, seen as a smooth S-scheme Y , and RS(Y ) denote as usual the
R-linear e´tale sheaf freely represented by Y .
Moreover, for any morphism of schemes f : T → S, one has the relation:
(4.4.7.a) Hi(G×S T ) = Hi(G) ×S T.
We can summarize this construction – a kind of cofibration resolution lemma for G – using our
slightly different notations as follows:
Proposition 4.4.8 (Ancona-Pepin Lehalleur-Huber). Consider the above notations.
Then one has a canonical isomorphism in DM(S,R):
ρG : G =M(G)
r−1G−−→M(A(G,R)) = hocolimi∈NMS(Hi(G))
where the homotopy colimit runs over the category associated with the ordered set N.
Recall from [APLH16, 2.7] that the main corollary of this proposition is the following commu-
tativity with base change along a morphism of schemes f : T → S:36
(4.4.8.a) f∗(G) = G×S T .
Proof. Let us consider the e´tale descent model category structure on C(She´t(S,R)) (see [CD09])
whose homotopy category is D(She´t(S,R)). Since A(G,R) is a bounded below complex of cofibrant
objects, we get the following relation in D(She´t(S,R)):
A(G,R) = hocolimi∈N
(
A(G,R)i
)
= hocolimi∈N
(
RS(Hi(G))
)
.
Then it is sufficient to apply the functor M, which commutes with homotopy colimits as a left
adjoint, to this isomorphism to get the above statement. 
One deduces from the preceding proposition the following result:
Proposition 4.4.9. Consider the above notations. Then for any regular scheme S and any semi-
abelian scheme G over S, the motive G of DM(S,R) is punctually pure.
Proof. According to Propositions 4.4.6 and 4.4.4(1), one needs only to consider the case where
G is an abelian variety or a torus. The case of an abelian variety follows from the preceding
proposition and points (1) and (3) of 4.4.4. The case of a torus follows from the e´tale separation
property of DMR (recall it is even separated [CD12, 14.3.3]), and points (1) and (2) of 4.4.4. 
4.4.10. Recall that for a family G1, ..., Gn of semi-abelian varieties over a field k, Somekawa has
introduced in [Som90] some abelian groups, now called Somekawa K-groups, defined by generators
and relations that we will denote by:
K(k;G1, ..., Gn).
These groups generalize both Milnor K-theory in degree n (take all Gi =Gm) and Bloch’s group
attached to the Jacobian J of a smooth projective k-curve (take n=2, G1 = J and G2 =Gm).
Theorem 4.4.11. Consider a regular scheme S with dimension function δ = − codimS and let
G be a semi-abelian S-scheme.
(1) The δ-effective motive G is in the heart of the δ-homotopy t-structure on DMδ−eff (S,R).
36apply the proposition together with relation (4.4.7.a)
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(2) For any point x ∈ S(E), and any integer n ∈ Z, one has the following isomorphisms:
Ĝ(x, n) =

Gx(E)⊗Z R if n = 0,
Lx(E)⊗Z R if n = −1,
0 if n < −1,
K(E;Gx,Gm, ...,Gm︸ ︷︷ ︸
n times
)⊗Z R if n > 0,
where Lx is the group of cocharacters of the toric part of the semi-abelian variety Gx over
E.
Proof. According to Corollary 3.3.9, to prove point (1), we need only to prove that for any point
x ∈ S, the δ-effective motive i!x(G) is in the heart of DM
δx−eff (x,R), where δx is the dimension
function on x induced by the dimension function δ on S.
Because of the preceding theorem and formula (4.4.8.a), we get:
i!x(G) = i
∗
x(G)〈−cx〉 = Gx〈−cx〉
where cx is the codimension of x in S. Let k be the residue field of x and δk the canonical
dimension function on x = Spec(k). It is clear that we have the relation, as dimension function
on x: δx = δk − cx. In particular, the canonical functor:
DMδ
x−eff (x,R)→ DMδk−eff (x,R),M 7→M〈cx〉
is an equivalence of t-categories (Remarks 2.2.2 and 2.2.16(3)). But through this equivalence, the
motive i!x(G) is send to Gx in DM
δk−eff (x,R). So we are restricted to the case where S is the
spectrum of a field k.
The t-category DMδk−eff (x,R) is invariant under purely inseparable extensions (Lemma 2.2.19).
Applying again formula (4.4.7.a), we are thus restricted to the case where k is a perfect field.
Thanks to Example 2.3.13, the t-category DMδk−eff (x,R) is equivalent to Voevodsky’s category
DMeff (k,R), equipped with the (standard) homotopy t-structure. Through this equivalence, ac-
cording to [APLH16, 2.10], the motive G corresponds to the homotopy invariant Nisnevich sheaf
represented by G⊗R, with its canonical transfer structure (cf. [Org04, 3.1.2]). Therefore, it is in
the heart of the homotopy t-structure and this concludes the proof of point (1). We will denote
this sheaf by Gtr.
We now consider point (2). The morphism ix : Spec(E) → S is essentially quasi-projective
between regular schemes. Thus, using point (1) of Remark 4.2.3 and the fact i∗x(G) = Gx according
to (4.4.8.a), we are reduced to the case where S = SpecE, x being the tautological point.
Note that all members involved in the relation to be proved are invariant under purely insep-
arable extensions of the field E (for the left hand side, this follows from Lemma 2.2.19, the right
hand side is obvious except for Somekawa K-groups, case which follows from the existence of norm
maps and the fact we work with rational coefficients). Thus, we can assume that E is perfect.
According to what was said before, we thus are restricted to compute the homotopy module
M over E associated with the homotopy invariant sheaf with transfers G (i.e. the graded sheaf
σ∞(G), see [De´g12, (1.18.b)]). According to [Kah14, 1.1], we get
(
G
)
−1
≃ L where L is the group
of cocharacters of G, seen as a homotopy invariant Nisnevich sheaf with transfers. The first three
relations follow because obviously L−1 = 0. Then the last relation follows:
Gˆ(x, n) = σ∞(G)n(E)
(1)
= [G⊗HtrG⊗
Htr,n
m ](E)
(2)
= HomDMeff (E,R)(1, G⊗G
⊗,n
m )
(3)
= K(E;Gx,Gm, ...,Gm︸ ︷︷ ︸
n times
)⊗Z R.
where (1) follows from [De´g08a, 1.18] — ⊗Htr refers to the tensor product of homotopy modules
with transfers over E — (2) follows from the definition of ⊗Htr and (3) is the main theorem of
[KY13] (see (1.1) in the introduction). 
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Theorem 4.4.12. Under the assumptions of the preceding corollary, we get a canonical exact
fully faithful functor:
sA 0S → Π
δ-eff (S,R), G 7→ G
where the source category is the category of semi-abelian S-schemes up to isogeny. Moreover, its
essential image is stable under extensions.
The exactness of the functor follows from 4.4.6, and the full faithfulness, as well as the stability
under extensions, follows from the main theorem of [Pep15].
Remark 4.4.13. (1) In the statement of the previous theorem, one could replace the abelian
category Πδ-eff (S,R) by Πδ(S,R) or Π˜δ(S,R) (Theorem 4.3.1).
(2) Applying the main theorem of [APLH16, Th. 3.3], we get for any abelian S-scheme A of
dimension g a canonical isomorphism:
(4.4.13.a) MS(A)
∼
−→
2g⊕
n=0
Symn(A)
which is a generalization of the Deninger-Murre decomposition of the Chow motive of
A. Indeed, when S is a smooth k-scheme, This decomposition lives in the category of
motives over S of weight 0 which is equivalent to the category of pure Chow motives
according to [Jin15]. Through this equivalenceMS(A) corresponds to the dual of the Chow
motive of A/S and the preceding decomposition is equal to the dual of the Deninger-Murre
decomposition.
When A = E is an elliptic curve, the preceding theorem implies that MS(A) is concen-
trated in homological degree 0 and 1 for the t-structure teffδ . In the next statement, we
extend this result for S-curves of arbitrary genus.
4.4.14. Let S be a regular scheme and consider a smooth projective geometrically connected
relative curve p : X¯ → S with a given section x : S → X¯.
In our assumptions, the motive MS(X¯) in DM(S,R) has a Chow-Ku¨nneth decomposition as
in the classical case – though it is dual because Voevodsky’s motives are homological: MS(X¯) =
p!p
!(1S). First, the induced map x∗ : 1S → MS(X¯) is split by p∗. Let us define the reduced
motive M˜S(X¯) of the pointed S-curve (X¯, x) as the cokernel of x∗, or equivalently, the kernel of
p∗.
Recall that Voevodsky motives of smooth S-schemes are contravariant (up to a twist) with
respect to projective morphisms, via the so-called Gysin morphism (cf. [De´g08a]). So, associated
to the morphisms p and x, we get Gysin morphisms:
p∗ : 1S(1)[2]→MS(X¯), x
∗ :MS(X¯)→ 1S(1)[2]
satisfying the relation x∗p∗ = Id. Thus p∗ is a split monomorphism. Moreover, the composite
map p∗ ◦ p∗ is a class in the motivic cohomology group H
−2,−1
M (S,R) which is zero because S is
regular. Hence p∗ canonically factorizes into M˜S(X). Let us denote by h
M
1 (MS(X¯)) its cokernel
in M˜S(X). We have finally obtained a canonical decomposition:
(4.4.14.a) MS(X¯) = 1S ⊕ h
M
1 (MS(X¯))⊕ 1S(1)[2],
the dual Chow-Ku¨nneth decomposition associated with X¯/S.
Let us now consider the relative Jacobian scheme J(X¯) associated with X¯/S – the connected
component of the identity of the Picard scheme associated with X¯/S, see [BLR90, §8.4]. The
section x ∈ X¯(S) gives a canonical map: X¯
ι
−→ J(X¯). We deduce a canonical morphism of
R-linear motives over S:
ϕx : h
M
1 (MS(X¯))→MS(X¯)
ι∗−→MS(J(X¯))→ J(X¯)
where the first map is the canonical inclusion and the last one is the canonical projection with
respect to the decomposition (4.4.13.a). Another application of the preceding theorem is the
following generalization of a classical result of Voevodsky [VSF00, chap. 5, Th. 3.4.2]:
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Proposition 4.4.15. Consider the above assumptions. Then the morphism ϕx is an isomorphism.
Moreover, for the dimension function δ = − codimS, the δ-effective motive MS(X¯) is concen-
trated in homological degree 0 and 1 for the effective δ-homotopy t-structure and one has canonical
isomorphisms:
Hδ−effi (MS(X¯)) =
{
1S ⊕ J(X¯) if i = 0,
1S{1} if i = 1.
Finally, the distinguished triangle associated with the truncation functor τδ≥0 has the form:
1S ⊕ J(X¯)→MS(X¯)→ 1S(1)[2]
∂
−→ 1S [1];
it splits since ∂ = 0.
Proof. Consider the first assertion. Note first that the decompositions (4.4.14.a) and (4.4.13.a) are
stable by base change: for the first one, it follows from the fact Gysin morphisms are compatible
with base change in the transversal case (cf. [De´g08a, 5.17(i)]), and for the second one by [APLH16,
2.7 and 3.3(4)]. Note also that the family of functors is¯ : DM(S,R) → DM(s¯, R) indexed by
geometric points of S is conservative: it follows directly from the following properties of DMR:
localization ([CD12, 14.2.11]), continuity ([CD12, 14.3.1]) and separation ([CD12, 14.3.3]) — see
also [APLH16, Lem. A.6]. Thus to check ϕx is an isomorphism, we only need to consider its
pullback over geometric points of S. In other words, we are reduced to the case of a separably closed
field S = Spec(k). But then it follows from a classical fact about Chow-Ku¨nneth decompositions,
which boils down to the identification of CH1(h1(X¯)) = Pic0(X¯) with CH11 (J(X¯)) with the
notations of [Bea86] (see Prop. 3 of loc. cit. and the comments following it).
The remaining facts are then consequences of the preceding theorem, Example 3.3.3, and the
vanishing of H−1,−1M (S,R). 
4.4.16. We consider again the notations and assumptions of §4.4.14. Suppose we are given a
closed subscheme ν : X∞ →֒ X¯ such that the induced morphism f : X∞ → S is e´tale. Let us put
X = X¯ − X∞ with open immersion j : X → X¯. We also assume that the section x ∈ X¯(S) is
disjoint from X∞ so that it induces a section x ∈ X(S).
Note that we can associate with f a Gysin morphism (see [De´g08a] or use 1.3.8, (BM2)+(BM4)):
f∗ : 1S →MS(X∞).
As in the case of X¯, we will denote by M˜S(X) the reduced motive associated with the pointed
S-curve (X, x). Recall MS(X) = 1S ⊕ M˜S(X), and similarly for X¯. From the Gysin triangle (see
[De´g08a] or use 1.3.8, (BM3)+(BM4)) associated with ν, we deduce the following distinguished
triangle:
(4.4.16.a) MS(X∞){1}
∂ν−→ M˜S(X)
j∗
−→ M˜S(X¯)
ν∗
−→MS(X∞)〈1〉.
We also get a canonical morphism
π : M˜S(X)
j∗
−→ M˜S(X¯)
π¯
−→ J(X¯)
where the last map is the canonical projection according to the preceding proposition.
Proposition 4.4.17. Consider the notations above.
Then MS(X) is a δ-effective motive which is concentrated in degree 0 for the δ-homotopy t-
structure: MS(X) = H
δ−eff
0
(
MS(X)
)
.
Moreover, the following sequence is exact in the category of effective δ-homotopy modules
Πδ-eff (S,R):
0→ 1S{1}
f∗
−→MS(X∞){1}
∂ν−→ M˜S(X)
π
−→ J(X¯)→ 0.
In other words, MS(X) is isomorphic to the δ-homotopy module of the (dual of the) Albanese
semi-abelian scheme Alb(X/S) associated with the smooth (affine) curve X/S:
MS(X) ≃ 1S ⊕Alb(X/S).
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Proof. In this proof, we will denote Hi for H
δ−eff
i to simplify the notations.
The fact MS(X) is δ-effective is basic (Example 2.2.12). Because X∞/S is finite e´tale, S is
regular and δ(S) = 0, we obtain that the δ-effective motive MS(X∞) is concentrated in degree 0
(Ex. 3.3.3 together with the end of §2.2.17). Thus, the homological long exact sequence associated
with the distinguished triangle (4.4.16.a) together with the preceding theorem immediately yields
that Hδ−effi (MS(C)) = 0 if i 6= 0, 1. Moreover, we get an exact sequence in the heart:
0→ H1(M˜S(X))
j∗
−→ H1(M˜S(X¯))
ν∗
−→MS(X∞){1}
∂ν−→ H0(M˜S(X))
j∗
−→ H0(M˜S(X¯))→ 0.
According to the preceding theorem, the the following composition:
1S{1}
p∗
−→ M˜S(X¯)[−1]→ H˜1(MS(X¯))
is an isomorphism. Thus, in the preceding exact sequence, the morphism ν∗ is isomorphic to the
morphism f∗ : 1S{1} →MS(X∞){1} because f∗ = ν∗p∗ (cf. [De´g08a, 5.14]).
Note that the composite map:
1S
f∗
−→MS(X∞)
f∗
−→ 1S
is equal to d.Id where d is the degree of the e´tale morphism f .37 In particular, as we work with
rational coefficients, the map f∗ is a split monomorphism and this implies H1(M˜S(X)) = 0 which
implies H1(MS(X)) = 0 (use again Example 3.3.3) as required.
We conclude because from the previous theorem the canonical map M˜S(X)
π¯
−→ J(X¯) induces
an isomorphisms on H0. 
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